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Counting curves in a linear system with upto eight singular points
Somnath Basu and Ritwik Mukherjee
Abstract
In this paper, we develop a systematic approach to enumerate curves with a certain number
of nodes and one further singularity which maybe more degenerate. As a result, we obtain an
explicit formula for the number of curves in a sufficiently ample linear system, passing through
the right number of generic points, that have δ nodes and one singularity of codimension k, for all
δ + k ≤ 8. In particular, we recover the formulas for curves with upto six nodal points obtained
by Vainsencher. Moreover, all the codimension seven numbers we have obtained agree with the
formulas obtained by Kazarian. Finally, in codimension eight, we recover the formula of A.Weber,
M.Mikosz and P.Pragacz for curves with one singular point and we also recover the formula of
Kleiman and Piene for eight nodal curves. All the other codimension eight numbers we have
obtained are new.
Contents
1 Introduction 1
2 A survey of related results 3
3 A brief overview of the method we use 5
4 Necessary and sufficient criteria for a singularity 7
5 Notation 9
6 Recursive Formulas 11
7 Proof of the Recursive Formulas via Euler class computation 15
8 Low degree checks in P2 42
9 Low degree checks in P1 × P1 46
1 Introduction
Enumerative geometry is a branch of mathematics concerned with the following question:
How many geometric objects are there which satisfy prescribed constraints?
It is a classical subject that dates back to over 150 years ago. Hilbert’s fifteenth problem was to lay a
rigorous foundation for enumerative Schubert calculus. While the problems in this field are typically
easy to state, solutions to almost all of them require various deep concepts from various branches of
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mathematics.
In order to motivate the results of this paper, let us first state a very general problem in
enumerative geometry:
Question 1.1. Let L −→ X be a holomorphic line bundle over a compact complex surface and
D := PH0(X,L) ≈ PδL be the space of non zero holomorphic sections upto scaling. What is N(Aδ1X),
the number of curves in X, that belong to the linear system H0(X,L), passing through δL − (k + δ)
generic points and having δ distinct nodes and one singularity of type X whose codimension is k.
The above question has been studied by several mathematicians over the last thirty years;
it becomes increasingly hard when the codimension δ + k increases and/or when the singularity X
becomes more degenerate. In this paper, we give develop a systematic method to approach this
question and obtain a complete answer to the above question till codimension eight. Before stating
the main result of this paper, let us make a couple of definitions:
Definition 1.2. Let L −→ X be a holomorphic line bundle over a complex surface and and f ∈
H0(X,L) a holomorphic section. A point q ∈ f−1(0) is of singularity type Ak, Dk, E6, E7, E8 or X9
if there exists a coordinate system (x, y) : (U , q) −→ (C2, 0) such that f−1(0) ∩ U is given by
Ak : y
2 + xk+1 = 0 k ≥ 0, Dk : y
2x+ xk−1 = 0 k ≥ 4,
E6 : y
3 + x4 = 0, E7 : y
3 + yx3 = 0, E8 : y
3 + x5 = 0,
X9 : x
4 + y4 = 0.
In more common terminology, q is a smooth point of f−1(0) if it is a singularity of type A0;
a simple node (or just node) if its singularity type is A1; a cusp if its type is A2; a tacnode if its
type is A3; a an ordinary triple point if its type isD4; and an ordinary quadruple point if its type isX9.
Definition 1.3. A holomorphic line bundle L −→ X over a compact complex manifold X is suffi-
ciently k-ample if L ≈ L⊗n1 ⊗ ξ −→ X for some n ≥ k, where L1 −→ X is a very ample line bundle
and ξ −→ X is a line bundle such that the linear system H0(X, ξ) is base point free.
Remark 1.4. We will frequently use the phrase “a singularity of codimension k”. Roughly speaking,
this refers to the number of conditions having that singularity imposes on the space of curves. More
precisely, it is the expected codimension of the equisingular strata. Hence, a singularity of type Ak,
Dk or Ek≤8 is a singularity of codimension k. However, a singularity of type X9 is of codimension
8, not 9. The reason that it is standard to denote an ordinary quadruple point by X9 and not X8
is because singularities are traditionally indexed by their Milnor number and not by the codimension
of the equisingular strata. For Ak, Dk and Ek≤8 singularities, these two numbers happen to be the
same. In general, these two numbers need not be the same.
The main result of this paper is as follows:
Main Result 1.5. Let L −→ X be a line bundle and X be one of the singularities defined in 1.2
whose codimension is k. We obtain an explicit formula for N(Aδ1X) if δ + k ≤ 8, provided the line
bundle is sufficiently (2δ + CX)-ample, where
CAk = k, CD4 = 3, CDk = k − 2 if k > 4, CEk = k − 3 and CX9 = 4.
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Remark 1.6. The ampleness requirement is there to prove that the sections we encounter are
transverse to the zero set. However, the bound we impose is not the optimal bound. In particular,
our bound is coarser than the bound given by Kleiman and Piene in [17]. One of the reasons
our bound is coarse, is because while proving transversality, we restrict ourselves exclusively to the
tangent space of the curves; we do not utilize the fact that we can also move the marked point. This
makes the proof of transversality much easier, but it requires a higher bound on the ampleness of
the line bundle. We believe that with some further effort we should be able to improve our bound
(namely by moving both the curve and the point); we intend to investigate that question in the
future.
Remark 1.7. In order to keep this paper of a reasonable length, we have decided to split the
proof of our main result into two papers. In this paper, we focus exclusively on the Euler class
computation. We precisely state the relevant transversality, closure and multiplicity claims and then
go on to compute the enumerative numbers. Our second paper [1] is devoted exclusively to proving
the technical results on closure and multiplicities that we use in this paper. We also prove in [1] the
necessary transversality results that we use in this paper. The transversality results actually follow
without too much effort. In [6] and [3] we prove the relevant transversality results for P2 when there
are one or two singular points. It is easy to see from the proof presented in [3], how the proof of
transversality generalizes to more than one singular point. In [27] we show how to generalize the
proof of transversality to the case of general linear system that is sufficiently ample. In particular,
the proof of the relevant transversality results that we use in this paper is very similar to the proof
presented in our earlier three papers ([6], [3] and [27]).
2 A survey of related results
2.1 Counting singular curves in a linear system
We now give a brief survey of related results in this area of mathematics. As early as 1873,
Zeuthen computed the number of nodal cubics and the number of tri nodal quartics in P2, passing
through the appropriate number of generic points (cf [46]). A lot of progress has since been made
in enumerating plane nodal curves; the question is now very well understood. Ziv Ran and then
Caporaso and Harris completely solved the problem of enumerating δ-nodal curves in P2 (cf [34], [33]
and [11]). Caprasso and Harris gave a recursive formula for δ-nodal curves, in terms of the number of
curves with lesser number of nodes, but which have contacts of arbitrary order with a given generic
line. Later on their result for P2 was extended by Ravi Vakil to certain del-Pezzo surfaces (cf. [44]).
An alternative proof of the Caporasso-Harris formula was also given by Ionel-Parker (cf. [14]) and
Tehrani-Zinger (cf. [40]), using the Symplectic Sum formula.1
Let us now look at the more general question of enumerating curves in an algebraic surface
(such as P1×P1). In [43], Vainsencher obtained an explicit formula for curves in a sufficiently ample
linear system that have upto six nodes.
Next, Kazarian computed all possible codimension seven numbers in [15]. More precisely, he
obtained a formula for the number of curves in a sufficiently ample linear system (passing through
the right number of generic points) and having a singularity of type χk1 , χk2 , . . . , χkn , provided
κ := k1 + k2 + . . .+ kn ≤ 7. Here χki is a singularity of codimension ki.
We now mention the only two results that we are aware of in codimension eight. In [31], [32]
and [25], A.Weber, M.Mikosz and P.Pragacz extended the method of Kazarian to enumerate curves
1It would be interesting to see if the result of Ravi Vakil can also be obtained using the Symplectic Sum Formula.
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with one singular point. In his slides [45, page 52], Weber has explicitly written down the formula
for N(A8) and N(E8); our formulas agree with theirs.
Finally, we look at the results of S.Kleiman and R.Piene. In [17, Theorem 1.2], Kleiman
and Piene obtained an explicit formula for eight nodal curves in a suitably ample linear system!
They also obtained a formula for N(Aδ1D4), N(A
δ
1D6) and N(A
δ
1E7), with δ at most 3, 1 and 0
respectively (basically till codimension seven).2 They also give a very precise condition for the
ampleness requirement of their line bundle. They consider a line bundle L −→ X, that is of the form
L :=M⊗m⊗N , where m is at least three times the expected codimension of the equisingular strata
and where N is spanned by global holomorphic sections. Using this ampleness condition, they prove
that the numbers they compute are indeed enumerative, i.e. each curve appears with a multiplicity
of one in this linear system.
Finally we note that a great deal of progress has been made in proving that universal formulas
exist in terms of Chern classes for the number of curves in a sufficiently ample linear system passing
through the right number of generic points and having singularities of type χk1 , χk2 , . . . , χkn . The fact
that a universal formula exists was conjectured by Go¨ttsche when the singularities χk1 , . . . , χkn are
all simple nodes. Two independent proofs of this conjecture have now been given using methods of
BPS calculus and using degeneration methods by Kool, Shende and Thomas ([21]) and Tzeng ([41])
respectively. There is also an earlier approach by Liu in [22] and [23]. Recently, Li and Tzeng gave a
proof for the existence of universal formulas for any collection of singularities χk1 , χk2 , . . . , χkn in [42],
thereby generalizing the Go¨ttsche conjecture. A further generalization of the Go¨ttsche conjecture
was proved by Rennemo, where he shows that there is a universal polynomial to count hypersurfaces
in a sufficiently ample linear system, with any collection of isolated singularities ([35, Proposition
7.8]).
It should be noted that even for δ-nodal curves in P2, it is nontrivial question as to when the
polynomials obtained by the Go¨ttsche conjecture are actually enumerative. They are enumerative if
d is large. However, Go¨ttsche conjectured that these polynomials are actually enumerative for all d
roughly greater than δ2 . This has now been proven by Kleiman and Shende in [18].
For a more detailed overview of this subject, we direct the reader to the comprehensive survey
article [16] by Kleiman.
2.2 Counting curves of a fixed genus: Gromov-Witten theory
Let us now consider another classical enumerative geometry problem; namely counting curves
of a fixed genus. To begin with, let us look at genus zero curves (i.e. rational curves). Let X be a
compact complex surface and β ∈ H2(X,Z) a given homology class. A classical question is to ask
what is nβ, the number of genus zero degree β curves in X passing through 〈c1(TX), β〉 − 1 generic
points? For the case of P2, the numbers n1, n2, n3 and n4 were computed by Zeuthen in the late
nineteenth century ([46]). There was essentially no progress in this question, until in the early 1990
′s a
formula for nd was announced by Kontsevich-Manin and Ruan-Tian. More precisely, in [20] and [39],
the authors obtain a formula for nβ for any complex del-Pezzo surface.
3 Both the approaches involve
Symplectic Geometry; it involves using a gluing theorem which can be algebraically reformulated as
the associativity of Quantum Cohomology. A lot of progress has since been made in this question
2The paper by Kleiman and Piene is earlier than the paper by Kazarian; so their formulas for the codimension seven
numbers were all new.
3Strictly speaking, Kontsevich-Manin compute the genus zero Gromov-Witten invariants of del-Pezzo surfaces.
The fact that the Gromov-Witten invariants are actually enumerative for all del-Pezzo surfaces was later proved by
Pandharipande and Go¨ttsche in [30].
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over the last thirty years using Symplectic and Algebraic geometry and more recently using Tropical
geometry (cf [24]).
The question of enumerating genus zero curves with higher singularities is a much harder
question. Pandahripande and later Kock computed the number of rational cuspidal curves in P2 and
P1 × P1 using algebro geometric methods (cf [29] and [19]). Later on, Zinger used methods from
Symplectic Geometry to approach the question of enumerating rational curves with cusps and higher
singularities (cf [49], [52], [50] and [51]). It should also be noted that although Zinger obtains his
formulas for curves in P2, his methods are applicable in a much more general setup. In fact, his
methods apply to surfaces where the Gromov-Witten Theory and its relationship with Enumerative
geometry is well understood. In particular, his methods apply very nicely to del-Pezzo surfaces. A
few of Zinger’s results have been extended by the second author to del-Pezzo surfaces (cf. [7], [9]
and [8]).
Let us now explain how this question is relevant to the problem we are studying in this paper.
The problem of counting curves of a fixed genus enables us to subject our formulas to several low
degree checks. For example, let us look at nd, the number of degree d rational curves in P
2 passing
through 3d− 1 generic points. A little bit of thought shows that n3 is same as the number of nodal
cubics through 8 points; hence, this number helps us verify the formula for N(A1). Next, we consider
n4. A little bit of thought shows that this is same as the number of irreducible quartics with three
(unordered) nodes through 11 points. Hence, the number n4 helps us verify the the formula for
N(A31). And so on.
Let us now consider higher singularities. For example,in [49], Zinger has computed the number
of rational degree d curves with one E6-singularity. For d = 3, this ought to be zero (which it is) and
for d = 4, his answer answer ought to be the same as the number of quartics through 8 points having
an E6-singularity (again, that is indeed the case). Hence, these results for higher singularities also
help us verify many of our formulas.
In section 8, we subject our formulas to several low degree checks. In section 9, we correct
some of the low degree checks made by Vainsencher in his paper [43] and show how the numbers are
consistent with the values predicted by the formula of Kontsevich and Manin in [20].
3 A brief overview of the method we use
We now give a brief description of the method we use to compute the enumerative numbers.
Our starting point is the following fact from differential topology (cf. [10, Proposition 12.8]):
Theorem 3.1. Let V −→ X be an oriented vector bundle over a compact oriented manifold X and
suppose s : X −→ V is a smooth section that is transverse to the zero set. Then the Poincare´ dual
of [s−1(0)] is the Euler class of V . In particular, if the rank of V is same as the dimension of X
then the signed cardinality of s−1(0) is the Euler class of V , evaluated on the fundamental class of
X, i.e.,
| ± s−1(0)| = 〈e(V ), [X]〉.
Our goal is to enumerate curves with certain singularities. The fact that a curve has a specific
singularity means that certain derivatives vanish (an example of this fact is the Implicit Function
Theorem and the Morse Lemma). We interpret these derivatives as the section of some bundle.
Hence, our enumerative numbers are the zeros of a section of some bundle restricted to the open
part of a manifold (or variety). One of the reasons we typically have to restrict ourselves to the open
part of a manifold is because we are usually enumerating curves with more than one singular point;
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hence we have to consider the space of curves with a collection of marked points, where the marked
points are all distinct.
Next, we observe that if the line bundle is sufficiently ample, then this section (induced by
taking derivatives) will be transverse to the zero set restricted to the open part.4 We then evaluate
the Euler class of this bundle on the fundamental class of the manifold/variety5 and hope that this
number is what we want. As one might expect, that hope is almost always too naive. This is because,
the section will typically vanish on the boundary and hence give an excess (degenerate) contribution
to the Euler class. The real challenge is therefore to compute this degenerate contribution to the
Euler class.
The most famous and well known method of computing degenerate contributions to the Euler
class is global excess intersection theory, which is developed in Fulton’s book [12]. This approach is
global and rigid in nature and involves blowing up the degenerate loci to smooth them out. This
method has been successfully applied to solve a large class of enumerative problems; in particular it
has been applied by Vainsencher and Kleiman and Piene to obtain their formula for δ-nodal curves.
In his PhD thesis [48], Aleksey Zinger developed a completely different approach to address
the problem of computing degenerate contributions to the Euler class; he developed the method of
local intersection theory. This approach is soft and local in nature and does not involve taking any
blowups. The method involves perturbing the relevant section smoothly and counting (with a sign)
the number of zeros of the section near the degenerate locus. He applied this method successfully
to solve a very large class of enumerative problems; these include counting rational curves in P2
(and even Pn) with various types of singularities (which include cusp, tacnode, triple point and E6-
singularities). He also used local intersection theory to compute the degenerate contribution to the
Symplectic Invariant of Pn and computed the genus g Enumerative Invariant of Pn for g = 2 and 3,
thereby extending the result of Pandharipande and Ionel for genus one (cf. [28] and [13]).
Zinger further applied the machinery of local intersection theory in his paper [47] to enumerate
plane degree d curves with singularities till codimension three. In particular, he computed all the
possible codimension three numbers N(Aδ1X) in his paper by using local intersection theory.
The second author’s PhD thesis (cf [26]) comprises of extending the approach developed in
[47] and applying local intersection theory to compute N(Aδ1X) for higher codimension. In his thesis,
the second author obtained a formula for N(Aδ1X) for P
2 when δ + k ≤ 7; part of that thesis has
been published in [6] and [5] (namely the cases δ = 0 and 1 have been published). In this paper
we finally obtain a formula for all the numbers N(Aδ1X) for any sufficiently ample linear system till
codimension 8, thereby going beyond the results of the second author’s thesis. Furthermore, we give
alternative proofs for the results of Vainsencher, Kleiman-Piene and Kazarian6 and we also obtain
new results in the end (basically all the codimension eight numbers are new except for the formula
for eight nodal curves and the formulas for one singular point).
Finally, let us give a brief description of the method used by Kazarian. His method works on the
principle that there exists a universal formula (in terms of Chern classes) for the Thom polynomial
associated to a given singularity. He then goes on to consider enough special cases to find out what
that exact combination is. As an example, suppose there is a polynomial of degree m. To find
out what the polynomial is, we simply have to find the value of the polynomial at enough points
4The open part of the variety we consider is always going to be smooth in our case.
5Any algebraic variety defines a homology class since the singularities have at least real codimension two. This
follows from the main result of [53], namely that any singular space whose singularities are of real codimesnion two or
more (i.e. a pseudocycle) defines a homology class.
6However, we should mention that we only compute numbers of the form N(Aδ1X); Kazarian computes all numbers
till codimension seven; such as N(A3A4) for example.
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([15, page 667]). One of the challenges of this method is to prove the existence of such a universal
formula. This fact is shown by R.Rimanyi and A. Szucs in [36], [37] and [38]. This method has been
successfully applied to compute all the codimension seven numbers. It has also been extended by
A.Weber, M.Mikosz and P.Pragacz to enumerate curves with one singular point in codimension eight
(cf. [31], [32] and [25]).
4 Necessary and sufficient criteria for a singularity
For the convenience of the reader, let us recapitulate from the arXiv version of our paper [2,
section 5], a necessary and sufficient criterion for a curve f−1(0) to have a singularity of type X at
the point q.7 Let f = f(x, y) be a holomorphic function defined on a neighborhood of the origin in
C2 and i, j be non-negative integers. We define
fij :=
∂i+jf
∂ix∂jy
∣∣∣∣
(x,y)=(0,0)
.
Let us now define the following directional derivatives, which are functions of fij:
Af3 := f30 , A
f
4 := f40 −
3f221
f02
, Af5 := f50 −
10f21f31
f02
+
15f12f
2
21
f202
,
Af6 := f60 −
15f21f41
f02
−
10f231
f02
+
60f12f21f31
f202
+
45f221f22
f202
−
15f03f
3
21
f302
−
90f212f
2
21
f302
,
Af7 := f70 −
21f21f51
f02
−
35f31f41
f02
+
105f12f21f41
f202
+
105f221f32
f202
+
70f12f
2
31
f202
+
210f21f22f31
f202
−
105f03f
2
21f31
f302
−
420f212f21f31
f302
−
630f12f
2
21f22
f302
−
105f13f
3
21
f302
+
315f03f12f
3
21
f402
+
630f312f
2
21
f402
,
Af8 := f80 −
28f21f61
f02
−
56f31f51
f02
+
210f221f42
f202
+
420f21f22f41
f202
−
210f03f
2
21f41
f302
+
560f21f31f32
f202
−
840f13f
2
21f31
f302
−
420f321f23
f302
+
1260f03f
3
21f22
f404
−
35f241
f02
+
280f22f
2
31
f202
−
280f03f21f
2
31
f302
−
1260f221f
2
22
f302
+
105f04f
4
21
f402
−
315f203f
4
21
f502
+
168f21f51f12
f202
+
280f31f41f12
f202
−
1680f221f32f12
f302
−
3360f21f22f31f12
f302
+
2520f03f
2
21f31f12
f402
+
2520f13f
3
21f12
f402
−
840f21f41f
2
12
f302
+
7560f221f22f
2
12
f402
−
560f231f
2
12
f302
−
5040f03f
3
21f
2
12
f502
+
3360f21f31f
3
12
f402
−
5040f221f
4
12
f502
(1)
and
Df6 := f40, D
f
7 := f50 −
5f231
3f12
, Df8 := f60 +
5f03f31f50
3f212
−
5f31f41
f12
−
10f03f
3
31
3f312
+
5f22f
2
31
f212
.
(2)
We will now state a necessary and sufficient criteria for a curve to have a specific singularity.
7The arXiv version contains a few details that were omitted from our published paper [6]; hence we will often refer
to the arXiv version of our paper.
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Lemma 4.1. Let f = f(x, y) be a holomorphic function defined on a neighborhood of the origin in
C2 such that f00 = 0 and ∇f |(0,0) 6= 0. Then the curve has an A0 singularity at the origin (i.e. a
smooth point).
Lemma 4.2. Let f = f(x, y) be a holomorphic function defined on a neighbourhood of the origin in
C such that f00,∇f |(0,0) = 0 and ∇
2f |(0,0) is non-degenerate. Then the curve has an A1 singularity
at the origin.
Remark 4.3. Lemma 4.1 is also known as the Implicit Function Theorem and Lemma 4.2 is
also known as the Morse Lemma.
We now state the remaining Lemmas, which can be thought of as a continuation of Lemma 4.2.
Lemma 4.4. Let f = f(r, s) be a holomorphic function defined on a neighbourhood of the origin in
C such that f(0, 0), ∇f |(0,0) = 0 and there exists a non-zero vector w = (w1, w2) such that at the
origin ∇2f(w, ·) = 0, i.e., the Hessian is degenerate. Let x = w1r+w2s, y = −w2r+w1s and fij be
the partial derivatives with respect to the new variables x and y. Then, the curve f−1(0) has an Ak
singularity at the origin (for 2 ≤ k ≤ 7) if f02 6= 0 and the directional derivatives A
f
i defined in (1)
are zero for all i ≤ k and Afk+1 6= 0.
Lemma 4.5. Let f = f(x, y) be a holomorphic function defined on a neighbourhood of the origin in
C such that f00,∇f |(0,0),∇
2f |(0,0) = 0 and there does not exist a non-zero vector w = (w1, w2) such
that at the origin ∇3f(w,w, ·) = 0. Then the curve f−1(0) has a D4 singularity at the origin.
Lemma 4.6. Let f = f(r, s) be a holomorphic function defined on a neighbourhood of the origin in
C such that f00,∇f |(0,0),∇
2f |(0,0) = 0 and there exists a non-zero vector w = (w1, w2) such that at
the origin ∇3f(w,w, ·) = 0. Let x = w1r + w2s, y = −w2r + w1s and fij be the partial derivatives
with respect to the new variables x and y. Then, the curve f−1(0) has a Dk-node at the origin (for
5 ≤ k ≤ 7) if f12 6= 0 and the directional derivatives D
f
i defined in (2) are zero for all i ≤ k and
Dfk+1 6= 0.
Lemma 4.7. Let f = f(r, s) be a holomorphic function defined on a neighbourhood of the origin in
C such that f00 = ∇f |(0,0) = ∇
2f |(0,0) = 0 and there exists a non-zero vector w = (w1, w2) such that
at the origin ∇3f(w,w, ·) = 0. Let x = w1r + w2s, y = −w2r + w1s and fij be partial derivatives
with respect to the new coordinates, x and y. Then, the curve f−1(0) has an E6 singularity at the
origin if f12 = 0 and f03 6= 0, f40 6= 0.
Lemma 4.8. Let f = f(r, s) be a holomorphic function defined on a neighbourhood of the origin in
C such that f00,∇f |(0,0),∇
2f |(0,0) = 0 and there exists a non-zero vector w = (w1, w2) such that at
the origin ∇3f(w,w, ·) = 0. Let x = w1r + w2s, y = −w2r + w1s. Let fij be the partial derivatives
with respect to the new variables x and y. Then, the curve f−1(0) has an E7 singularity at the origin
if f12 = 0 and f03 6= 0, f31 6= 0.
Lemma 4.9. Let f = f(r, s) be a holomorphic function defined on a neighbourhood of the origin in
C such that f00,∇f |(0,0),∇
2f |(0,0) = 0 and there exists a non-zero vector w = (w1, w2) such that at
the origin ∇3f(w,w, ·) = 0. Let x = w1r + w2s, y = −w2r + w1s. Let fij be the partial derivatives
with respect to the new variables x and y. Then, the curve f−1(0) has an E8 singularity at the origin
if f12 = 0, f31 = 0 and f03 6= 0, f50 6= 0.
Proofs of Lemmas 4.4 to 4.8: This is proved in section 3 of our paper [6]. The proof of Lemma
4.9 is very similar to the proof of the other Lemmas; it involves looking at the Taylor expansion and
making an appropriate change of coordinates.
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5 Notation
We will now introduce some basic notation that will be used for stating our recursive formulas.
Our setup is as follows; we consider a sufficiently ample line bundle L −→ X over a compact complex
surface X. Let
D ≈ PH0(X,L) ≈ PδL ,
denote the space of holomorphic sections of the line bundle L −→ X, upto scaling. Let X be a
singularity of a given type. We will also denote X to be the space of curves and a marked point such
that the curve has a singularity of type X at the marked point. More precisely,
X := {([f ], q) ∈ D ×X : f has a signularity of type X at q}.
For example,
A2 := {([f ], q) ∈ D ×X : f has a signularity of type A2 at q}.
Next, given n subsets S1, S2, . . . , Sn of D × P
2, we define
S1 ◦ S2 ◦ . . . ◦ Sn := {([f ], q1, . . . , qn) ∈ D × (P
2)n : ([f ], q1) ∈ S1, . . . , ([f ], qn) ∈ Sn,
and q1, . . . , qn are all distinct}.
For example, A21 ◦A2 is the space of curves with three ordered points, where the curve has a simple
node at the first two points and a cusp at the last point and all the three points are distinct. Similarly,
A21 ◦A2 is the space of curves with three distinct ordered points, where the curve has a simple node
at the first two points and a singularity at least as degenerate as a cusp at the last point; the curve
could have a tacnode at the last marked point.
It will also be useful to consider the space of curves with a singularity and a specific direction
along which certain directional derivatives vanish. More precisely, let PTX −→ X denote the
projectivization of the tangent bundle X and let X be a singularity of type Ak≥2 or Dk≥5 or E6, E7
or E8. Then we define
PAk := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ Ak, ∇
2f(v, ·) = 0 ∀v ∈ lq} if k ≥ 2,
PDk := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ Dk, ∇
3f(v, v, ·) = 0 ∀v ∈ lq} if k ≥ 5,
PEk := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ Ek, ∇
3f(v, v, ·) = 0 ∀v ∈ lq} if k = 6, 7, 8.
For example, PA2 is the space of curves with a marked point and a marked direction, such that the
curve has a cusp at the marked point and the marked direction belongs to the kernel of the Hessian.
Note that in all the above cases, the projection map pi : PX −→ X is one to one. Next, let us define
PA1 := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ A1, ∇
2f(v, v) = 0 ∀v ∈ lq},
PD4 := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ D4, ∇
3f(v, v, v) = 0 ∀v ∈ lq},
PX9 := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ X9, ∇
4f(v, v, v, v) = 0 ∀v ∈ lq}.
For example, PA1 is the space of curves with a marked point and a marked direction, such that the
curve has a node at the marked point and the second derivative along the marked direction vanishes.
Note that there are two such distinguished directions. Hence, the projection map pi : PA1 −→ A1 is
two to one. Similarly, the maps
pi : PD4 −→ D4 and pi : PX9 −→ X9
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are three to one and four to one respectively. Let us also define
Xˆ := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ X} = pi
−1(X).
Finally, if S1, . . . Sn are subsets of D ×X and T is a subset of D × PTX, then we define
S1 ◦ S2 ◦ . . . ◦ Sn ◦ T := {([f ], q1, . . . , qn, lqn+1) ∈ D ×X
n × PTX : ([f ], q1) ∈ S1, . . . , ([f ], qn) ∈ Sn,
([f ], lqn+1) ∈ T and
q1, . . . , qn, qn+1 are all distinct}.
For example, A21 ◦PA2 is the space of curves with three distinct ordered points, where the curve has
a simple node at the first two points and a cusp at the last point and a distinguished direction at
the last marked point, such that the Hessian vanishes along that direction. We are now in a position
to define a few numbers. Let us define
N(Aδ1X, n1,m1,m2) := 〈y
δL−k−n1−m1−2m2−δcm11 x
m1
1 x
m2
2 , [A
δ
1 ◦ X]〉, (3)
N(Aδ1PX, n1,m1,m2, θ) := 〈y
δL−k−n1−m1−2m2−δ−θcm11 x
m1
1 x
m2
2 λ
θ, [Aδ1 ◦ PX]〉 and (4)
N(Aδ1Xˆ, n1,m1,m2, θ) := 〈y
δL−k−n1−m1−2m2−δ−θcm11 x
m1
1 x
m2
2 λ
θ, [Aδ1 ◦ Xˆ]〉, (5)
where
c1 := c1(L), xi := ci(T
∗X), λ := c1(γˆ
∗), y := c1(γ
∗
D)
and γD −→ D and γˆ −→ PTX are the tautological line bundles.
Let us now make a few observations. First, let us abbreviate N(Aδ1X, 0, 0, 0) as N(A
δ
1X); this
quantity is the number of curves passing through the right number of points that have δ distinct
nodes and one singularity of type X. Next, we note that
N(Aδ1X, n1,m1,m2) =
1
deg(pi)
N(Aδ1PX, n1,m1,m2, 0), (6)
where deg(pi) is the degree of the projection map pi : PX −→ X. We remind the reader that the
degree is always one, except in the cases when X = A1,D4 or X9, in which case the degree is 2, 3
and 4 respectively.
Next, we note that using the ring structure of H∗(PTX,Z) (cf [10], pp. 270), we conclude that
N(Aδ1PX, n1,m1,m2, θ) = N(A
δ
1PX, n1,m1 + 1,m2, θ − 1)−N(A
δ
1PX, n1,m1,m2 + 1, θ − 2)
if θ > 1. (7)
Finally, we note that
N(Aδ1Xˆ, n1,m1,m2, θ) = 0 if θ = 0,
N(Aδ1Xˆ, n1,m1,m2, θ) = N(A
δ
1X, n1,m1,m2) if θ = 1 and
N(Aδ1Xˆ, n1,m1,m2, θ) = N(A
δ
1Xˆ, n1,m1 + 1,m2, θ − 1)−N(A
δ
1Xˆ, n1,m1,m2 + 1, θ − 2)
if θ > 1. (8)
This again follows from [10], pp. 270.
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6 Recursive Formulas
We are now ready to state the recursive formulas. We are going to give a recursive formula for
curves with δ-nodes and one singularity of type X in terms of number of curves with δ− 1 nodes and
one singularity more degenerate than X. Combined with the base case of the recursion (Theorem
6.1), equations (6), (7) and (8), Theorems 6.3 to 6.22 enable us to obtain an explicit formula for
N(Aδ1X) if δ + k ≤ 8.
We have written a mathematica program to implement these recursive formulas and obtain
the final formulas. The program is available on the second author’s homepage
https://www.sites.google.com/site/ritwik371/home
For the convenience of the reader, we have generated an output of all the numbers N(Aδ1X) and have
appended it at the end of this paper (after the Bibliography).
We remind the reader that in the formulas for N(Aδ1X), the nodes are always ordered. To obtain
the corresponding number of curves where the nodes are unordered, we have to divide by (δ+1)! or
δ!, depending on whether the last singularity (X) is A1 or something different, respectively.
Theorem 6.1. The number N(A1, n1,m1,m2) is given by
N(A1, n1,m1,m2) =


3c21 + 2c1x1 + x2 if (n1,m1,m2) = (0, 0, 0),
3c21 + c1x1 if (n1,m1,m2) = (1, 0, 0),
c21 if (n1,m1,m2) = (2, 0, 0),
3c1x1 + x
2
1 if (n1,m1,m2) = (0, 1, 0),
c1x1 if (n1,m1,m2) = (1, 1, 0),
x21 if (n1,m1,m2) = (0, 2, 0),
x2 if (n1,m1,m2) = (0, 0, 1),
0 otherwise.
(9)
Remark 6.2. Theorem 6.1 will serve as the base case of our recursion.
Theorem 6.3. If 1 ≤ δ ≤ 7, then
N(Aδ1A1, n1,m1,m2) = N(A
δ
1, 0, 0, 0) ×N(A1, n1,m1,m2)
−
((δ
1
)(
N(Aδ−11 , n1,m1,m2) +N(A
δ−1
1 , n1 + 1,m1,m2) + 3N(A
δ−1
1 A2, n1,m1,m2)
)
+ 4
(
δ
2
)
N(Aδ−21 A3, n1,m1,m2) + 18
(
δ
3
)
N(Aδ−31 D4, n1,m1,m2)
)
,
provided the line bundle is sufficiently (2δ + 1)-ample.
Theorem 6.4. If 0 ≤ δ ≤ 7, then N(Aδ1PA1, n1,m1,m2, θ) is as follows:
θ = 0 : 2N(Aδ1A1, n1,m1,m2)
θ = 1 : 2N(Aδ1A1, n1,m1 + 1,m2) +N(A
δ
1A1, n1,m1,m2) +N(A
δ
1A1, n1 + 1,m1,m2)
− 2
(
δ
2
)
N(Aδ−21 PD4, n1,m1,m2, θ − 1),
provided the line bundle is sufficiently (2δ + 1)-ample.
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Theorem 6.5. If 0 ≤ δ ≤ 6, then
N(Aδ1PA2, n1,m1,m2, θ) = N(A
δ
1PA1, n1,m1,m2, θ) +N(A
δ
1PA1, n1,m1 + 1,m2, θ)
+N(Aδ1PA1, n1 + 1,m1,m2, θ)− 2
(
δ
1
)
N(Aδ−11 PA3, n1,m1,m2, θ)
− 3
(
δ
1
)
N(Aδ−11 Dˆ4, n1,m1,m2, θ)− 4
(
δ
2
)
N(Aδ−21 PD4, n1,m1,m2, θ)
− 4
(
δ
2
)
N(Aδ−21 Dˆ5, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 2)-ample.
Theorem 6.6. If 0 ≤ δ ≤ 5, then
N(Aδ1PA3, n1,m1,m2, θ) = 3N(A
δ
1PA2, n1,m1,m2, θ + 1) +N(A
δ
1PA2, n1 + 1,m1,m2, θ)
+N(Aδ1PA2, n1,m1,m2, θ)− 2
(
δ
1
)
N(Aδ−11 PA4, n1,m1,m2, θ)
− 2
(
δ
2
)
N(Aδ−21 PD5, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 3)-ample.
Theorem 6.7. If 0 ≤ δ ≤ 4, then
N(Aδ1PA4, n1,m1,m2, θ) = 2N(A
δ
1PA3, n1,m1,m2, θ + 1) + 2N(A
δ
1PA3, n1,m1 + 1,m2, θ)
+ 2N(Aδ1PA3, n1,m1,m2, θ) + 2N(A
δ
1PA3, n1 + 1,m1,m2, θ)
− 2
(
δ
1
)
N(Aδ−11 PA5, n1,m1,m2, θ)− 4
(
δ
2
)
N(Aδ−21 PD6, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 4)-ample.
Theorem 6.8. If 0 ≤ δ ≤ 4, then N(Aδ1PD4, n1,m1,m2, θ) is as follows:
θ = 0 : 2N(Aδ1PA3, n1,m1 + 1,m2, θ)− 2N(A
δ
1PA3, n1,m1,m2, θ + 1)
+N(Aδ1PA3, n1,m1,m2, θ) +N(A
δ
1PA3, n1 + 1,m1,m2, θ)
− 2
(
δ
1
)
N(Aδ−11 D5, n1,m1,m2)− 2
(
δ
2
)
N(Aδ−21 PD6, n1,m1,m2, 0)
θ = 1 : 13
(
N(Aδ1PD4, n1,m1,m2, θ − 1) + 3N(A
δ
1PD4, n1,m1 + 1,m2, θ − 1)
+N(Aδ1PD4, n1 + 1,m1,m2, θ − 1)
)
− 24
(
δ
3
)
N(X9, n1,m1,m2)
θ ≥ 2 : N(Aδ1PD4, n1,m1 + 1,m2, θ − 1)−N(A
δ
1PD4, n1,m1,m2 + 1, θ − 2),
provided the line bundle is sufficiently (2δ + 4)-ample.
Remark 6.9. Note that the structure of this formula is a little bit different; we have something
different when θ = 0 and when θ = 1. The reason for this will be clear when we prove the Theorem
(subsection 7.7).
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Theorem 6.10. If 0 ≤ δ ≤ 3, then N(Aδ1PD5, n1,m1,m2, θ) is as follows:
N(Aδ1PD5, n1,m1,m2, θ) = N(A
δ
1PD4, n1,m1,m2, θ + 1) +N(A
δ
1PD4, n1,m1 + 1,m2, θ)
+N(Aδ1PD4, n1,m1,m2, θ) +N(A
δ
1PD4, n1 + 1,m1,m2, θ)
− 2
(
δ
1
)
N(Aδ−11 PD6, n1,m1,m2, θ)− 12
(
δ
1
)
N(Aδ−11 Xˆ9, n1,m1,m2, θ)
− 18
(
δ
3
)
N(PX9, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 5)-ample.
Theorem 6.11. If 0 ≤ δ ≤ 3, then
N(Aδ1PA5, n1,m1,m2, θ) = 3N(A
δ
1PA4, n1,m1,m2, θ + 1) + 2N(A
δ
1PA4, n1,m1 + 1,m2, θ)
+ 2N(Aδ1PA4, n1,m1,m2, θ) + 2N(A
δ
1PA4, n1 + 1,m1,m2, θ)
− 2
(
δ
1
)
N(Aδ−11 PA6, n1,m1,m2, θ)−
(
δ
1
)
N(Aδ−11 PE6, n1,m1,m2, θ)
− 4
(
δ
2
)
N(Aδ−21 PD7, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 5)-ample.
Theorem 6.12. If 0 ≤ δ ≤ 2, then
N(Aδ1PD6, n1,m1,m2, θ) = 4N(A
δ
1PD5, n1,m1,m2, θ + 1) +N(A
δ
1PD5, n1,m1,m2, θ)
+N(Aδ1PD5, n1 + 1,m1,m2, θ)− 2
(
δ
1
)
N(Aδ−11 PD7, n1,m1,m2, θ)
−
(
δ
1
)
N(Aδ−11 PE7, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 6)-ample.
Theorem 6.13. If 0 ≤ δ ≤ 2, then N(Aδ1PE6, n1,m1,m2, θ) is as follows:
N(Aδ1PE6, n1,m1,m2, θ) = 2N(A
δ
1PD5, n1,m1 + 1,m2, θ)−N(A
δ
1PD5, n1,m1,m2, θ + 1)
+N(Aδ1PD5, n1,m1,m2, θ) +N(A
δ
1PD5, n1 + 1,m1,m2, θ)
−
(
δ
1
)
N(Aδ−11 PE7, n1,m1,m2, θ)− 4
(
δ
1
)
N(Xˆ9, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 6)-ample.
Theorem 6.14. If 0 ≤ δ ≤ 2, then N(Aδ1PA6, n1,m1,m2, θ) is as follows:
N(Aδ1PA6, n1,m1,m2, θ) = 2N(A
δ
1PA5, n1,m1,m2, θ + 1) + 4N(A
δ
1PA5, n1,m1 + 1,m2, θ)
+ 3N(Aδ1PA5, n1,m1,m2, θ) + 3N(A
δ
1PA5, n1 + 1,m1,m2, θ)
− 2N(Aδ1PD6, n1,m1,m2, θ)−N(A
δ
1PE6, n1,m1,m2, θ)
− 2
(
δ
1
)
N(Aδ−11 PA7, n1,m1,m2, θ)− 3
(
δ
1
)
N(Aδ−11 PE7, n1,m1,m2, θ)
− 12
(
δ
1
)
N(Aδ−11 Xˆ9, n1,m1,m2, θ)− 6
(
δ
2
)
N(PD8, n1,m1,m2),
provided the line bundle is sufficiently (2δ + 6)-ample.
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Theorem 6.15. If 0 ≤ δ ≤ 1, then
N(Aδ1PD7, n1,m1,m2, θ) = 4N(A
δ
1PD6, n1,m1,m2, θ + 1) + 2N(A
δ
1PD6, n1,m1 + 1,m2, θ)
+ 2N(Aδ1PD6, n1,m1,m2, θ) + 2N(A
δ
1PD6, n1 + 1,m1,m2, θ)
− 2
(
δ
1
)
N(PD8, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 7)-ample.
Theorem 6.16. If 0 ≤ δ ≤ 1, then
N(Aδ1PE7, n1,m1,m2, θ) = N(A
δ
1PD6, n1,m1,m2, θ)−N(A
δ
1PD6, n1,m1,m2, θ + 1)
2N(Aδ1PD6, n1,m1 + 1,m2, θ) +N(A
δ
1PD6, n1 + 1,m1,m2, θ)
− 3
(
δ
1
)
N(PX9, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 3)-ample.
Theorem 6.17. If 0 ≤ δ ≤ 1, then
N(Aδ1PA7, n1,m1,m2, θ) = −N(A
δ
1PA6, n1,m1,m2, θ + 1) + 8N(A
δ
1PA6, n1,m1 + 1,m2, θ)
+ 5N(Aδ1PA6, n1,m1,m2, θ) + 5N(A
δ
1PA6, n1 + 1,m1,m2, θ)
− 5N(Aδ1Xˆ9, n1,m1,m2, θ)
− 6N(Aδ1PD7, n1,m1,m2, θ)− 7N(A
δ
1PE7, n1,m1,m2, θ)
− 2
(
δ
1
)
N(PA8, n1,m1,m2, θ)− 14
(
δ
1
)
N(PE8, n1,m1,m2, θ),
provided the line bundle is sufficiently (2δ + 7)-ample.
Theorem 6.18. The number N(PE8, n1,m1,m2, θ) is given by
N(PE8, n1,m1,m2, θ) = N(PE7, n1,m1,m2, θ) +N(PE7, n1,m1 + 1,m2, θ) + 3N(PE7, n1 + 1,m1,m2, θ)
+ 2N(PE7, n1,m1,m2, θ + 1)
provided the line bundle is sufficiently 8-ample.
Theorem 6.19. The number N(PD8, n1,m1,m2, θ) is given by
N(PD8, n1,m1,m2, θ) = 4N(PD7, n1,m1,m2, θ) + 6N(PD7, n1,m1 + 1,m2, θ) + 3N(PA7, n1,m1,m2, θ + 1)
4N(PD7, n1 + 1,m1,m2, θ)− 3N(PE8, n1,m1,m2, θ)
provided the line bundle is sufficiently 8-ample.
Theorem 6.20. The number N(PX9, n1,m1,m2, θ) is given by
N(PX9, n1,m1,m2, θ) = N(PE7, n1,m1,m2, θ) + 4N(PE7, n1,m1,m2, θ + 1) +N(PE7, n1 + 1,m1,m2, θ)
provided the line bundle is sufficiently 4-ample.
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It remains to give a formula for N(PA8, n1,m1,m2, θ). Before we do that, we need to define one
more space.
PX∨9 := {([f ], lq) ∈ D × PTX : ([f ], lq) ∈ Xˆ9,
(
−
f331
8
+
3f22f31f40
16
−
f13f
2
40
16
)
= 0}.
Theorem 6.21. The number N(PX∨9 , n1,m1,m2, θ) is given by
N(PX∨9 , n1,m1,m2, θ) = 3N(Xˆ9, n1,m1,m2, θ) + 3N(Xˆ9, n1,m1 + 1,m2, θ)
+ 6N(Xˆ9, n1,m1,m2, θ + 1) + 3N(Xˆ9, n1 + 1,m1,m2, θ),
provided the line bundle is sufficiently 4-ample.
Theorem 6.22. The number N(PA8, n1,m1,m2) is given by
N(PA8, n1,m1,m2, θ) = 6N(PA7, n1,m1,m2)− 2N(PA7, n1,m1,m2, 1) + 10N(PA7, n1,m1 + 1,m2)
+ 6N(PA7, n1 + 1,m1,m2)− 8N(PD8, n1,m1,m2)− 16N(PE8, n1,m1,m2)
− 6N(PX∨9 , n1,m1,m2, θ),
provided the line bundle is sufficiently 8-ample.
7 Proof of the Recursive Formulas via Euler class computation
We will now give a proof of the recursive formulas we stated in section 6. The relevant claims
on closure, multiplicity and transversality are proved in our earlier papers [6], [5], [27] and [4], when
δ = 0 or 1 and δ + k ≤ 7. For the remaining cases (namely δ > 1 or δ + k > 7), we will prove the
relevant closure, multiplicity and transversality claims in [1].
7.1 Proof of Theorem 6.1: computing N(A1, n1, m1, m2)
This is proved in [4], Proposition 5.2.
7.2 Proof of Theorem 6.3: computing N(Aδ1A1, n1, m1, m2)
Recall that in section 5 we have defined the space
Aδ1 ◦ (D ×X) := {([f ], q1, . . . , qδ, qδ+1) ∈ D × (X)
δ+1 :f has a singularity of type A1 at q1, . . . , qδ,
q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 y
δL−(n1+m1+2m2+δ+1).
We now consider sections of the following two bundles that are induced by the evaluation map and
the vertical derivative, namely:
ψA0 : A
δ
1 ◦ (D ×X) ∩ µ −→ LA0 := γ
∗
D ⊗ L, {ψA0([f ], q1, . . . , qδ+1)}(f) := f(qδ+1)
ψA1 : ψ
−1
A0
(0) −→ VA1 := γ
∗
D ⊗ T
∗X ⊗ L, {ψA1([f ], q1, . . . , qδ+1)}(f) := ∇f |qδ+1.
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In [1], we show that if L is sufficiently (2δ + 1)-ample, then these sections are transverse to the zero
set. Next, let us define
B := Aδ1 ◦ (D ×X)−A
δ
1 ◦ (D ×X).
Hence
〈e(LA0)e(VA1), [A
δ
1 ◦ (D ×X)] ∩ [µ]〉 = N(A
δ
1A1, n1,m1,m2) + CB∩µ,
where CB∩µ denotes the contribution of the section to the Euler class from the points of B ∩ µ. We
now give an explicit description of the boundary B ∩ µ; the proof will be given in [1]. First of all we
note that the whole of B is not relevant while computing the contribution to the Euler class; only
the points at which the section vanishes is relevant. Hence, we only need to consider the component
of B ∩ µ where one (or more) of the qi become equal to the last point qδ+1. Let us define
B(q1, qδ+1) := {([f ], q1, . . . , qδ+1) ∈ B : q1 = qδ+1}.
The spaces B(q2, qδ+1), . . . ,B(qδ, qδ+1) are defined similarly. It is shown in [5, Corollary 6.6] and [4,
Proposition 6.1] that the contribution from B(q1, qδ+1) ∩ µ is
N(Aδ−11 , n1,m1,m2) +N(A
δ−1
1 , n1 + 1,m1,m2) + 3N(A
δ−1
1 A2, n1,m1,m2).
The same contribution arises from B(qi, qδ+1) ∩ µ for all i = 1 to δ. Hence the total contribution
from B(q1, qδ+1) ∩ µ, . . . ,B(qδ, qδ+1) ∩ µ is
δ
(
N(Aδ−11 , n1,m1,m2) +N(A
δ−1
1 , n1 + 1,m1,m2) + 3N(A
δ−1
1 A2, n1,m1,m2)
)
.
Next, let us define
B(q1, q2, qδ+1) := {([f ], q1, . . . , qδ+1) ∈ B : q1 = q2 = qδ+1}.
The spaces B(qi1 , qi2 , qδ+1), and more generally B(qi1 , qi2 , . . . , qij , qδ+1), are defined similarly. Let us
now focus on B(q1, q2, qδ+1). We claim that
B(q1, q2, qδ+1) ≈ A
δ−2
1 ◦ A3. (10)
Let us give an intuitive justification as to why this is a believable claim. Geometrically, B(q1, q2, qδ+1)
denotes the component of the boundary when the nodal points q1 and q2 collide with each other.
Geometrically, we expect the following thing to happen:
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Figure 1: Two nodes colliding into a tacnode
That is indeed the case. We give a rigorous proof of (10) in [5, Lemma 6.3(2)]. We will show in [1]
that the contribution from each of the tacnodal points, namely B(q1, q2, qδ+1) ∩ µ is 4. Hence the
total contribution from all the components of type B(qi1 , qi2 , qδ+1) is
4
(
δ
2
)
N(Aδ1A3, n1,m1,m2).
Next, let us focus on B(q1, q2, q3, qδ+1). We claim that
B(q1, q2, q3, qδ+1) ∩ µ ≈ A
δ−3
1 ◦D4 ∩ µ. (11)
Again, let us give an intuitive justification as to why this is a believable claim. Geometrically,
B(q1, q2, q3, qδ+1) denotes the component of the boundary when three of the nodal points q1, q2 and
q3 collide with each other. Geometrically, we expect the following thing to happen:
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Figure 2: Three nodes colliding into a triple point
That is indeed the case. We will give a rigorous proof of (11) in [1]. We will also show that the
contribution from each of the points of B(q1, q2, q3, qδ+1)∩µ is 18. Hence the total contribution from
all the components of type B(qi1 , qi2 , qi3 , qδ+1) is
18
(
δ
3
)
N(Aδ1D4, n1,m1,m2).
Finally, we will also show in [1] that if we consider a one dimensional family of r-nodal curves, then
all the r-nodes can not collide together if 4 ≤ r ≤ 7. In other words,
B(q1, q2, . . . , qr, qδ+1) ∩ µ = ∅ ∀ 4 ≤ r ≤ 7. (12)
Hence, the remaining stratum of B does not contribute to the Euler class, giving us Theorem 6.3.
Remark 7.1. Note that (12) is true because we intersected the left hand side with µ. It is not true
that
B(q1, q2, . . . , qr, qδ+1) = ∅ ∀ 4 ≤ r ≤ 7.
Equation (12) is saying that when more than three nodes come together, the resulting singularity
will have such a high codimension that it will not intersect a generic codimension one class (i.e. if
we have a one dimensional family of curves, then more than three nodes can not come together).
Similarly, (11) is true only with the µ present; it is not true that
B(q1, q2, q3, qδ+1) ∩ µ ≈ A
δ−3
1 ◦D4. (13)
Geometrically, the following thing can also occur:
Figure 3: Three nodes colliding into an A5-singularity
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Hence, three nodes can collide to form an A5-singularity as well. However, since this is a codimension
5 singularity, its intersection with µ will be empty; only codiemnsion four singularities will survive.
All this will be proven rigorously in [1].
7.3 Proof of Theorem 6.4: computing N(Aδ1PA1, n1, m1, m2, θ)
When θ = 0, the formula follows from (6). Let us now assume θ > 0.
Recall that in section 5 we have defined the space
Aδ1 ◦ Aˆ1 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ Aˆ1, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+2).
We now define a section of the following bundle
ψPA1 : A
δ
1 ◦ Aˆ1 −→ LPA1 := γ
∗
D ⊗ γˆ
∗2 ⊗ L, given by
{ψPA1([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v
⊗2) := ∇2f |qδ+1(v, v).
Here γˆ −→ PTX is the tautological line bundle over PTX. We will show in [1] that if L is sufficiently
(2δ + 2)-ample, then this section is transverse to the zero set. Next, let us define
B := Aδ1 ◦ Aˆ1 −A
δ
1 ◦ Aˆ1.
Hence
〈e(LPA1), [A
δ
1 ◦ Aˆ1] ∩ [µ]〉 = N(A
δ
1PA1, n1,m1,m2, θ) + CB∩µ, (14)
where as before, CB∩µ denotes the contribution of the section to the Euler class from B ∩ µ. We now
give an explicit description of B. As before, we only need to consider the component of B where one
(or more) of the qi become equal to the last point qδ+1. Let us define
B(q1, lqδ+1) := {([f ], q1, . . . , qδ, lqδ+1) ∈ B : q1 = qδ+1}.
The spaces B(q2, qδ+1), . . . ,B(qδ, qδ+1) are defined similarly. Following the same argument as in (10),
we conclude that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ Aˆ3.
Let us now intersect Aδ−11 ◦ Aˆ3 with µ. This will be an isolated set of finite points. Hence, the section
ψPA1 will not vanish on A
δ−1
1 ◦ Aˆ3 ∩ µ. Hence it does not contribute to the Euler class. Next, let us
define
B(q1, q2, lqδ+1) := {([f ], q1, . . . , qδ, lqδ+1) ∈ B : q1 = q2 = lqδ+1}.
The spaces B(qi1 , qi2 , . . . , qij , lqδ+1) are defined similarly. Following the same argument as in (11), we
conclude that
B(q1, q2, lqδ+1) ≈ A
δ−2
1 ◦ Dˆ4.
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The section ψPA1 vanishes everywhere on A
δ−2
1 ◦ Dˆ4; hence it also vanishes on A
δ−2
1 ◦ Dˆ4 ∩ µ. We
will show in [1] that the contribution from each of the points of B(q1, q2, lqδ+1) ∩ µ is 6. Hence the
total contribution from all the components of type B(qi1 , qi2 , lqδ+1) is
6
(
δ
2
)
N(Aδ−21 Dˆ4, n1,m1,m2, θ).
Finally, using (12) we conclude that
B(q1, q2, . . . , qr, lqδ+1) ∩ µ = ∅ ∀ 3 ≤ r ≤ 7.
Hence the remaining stratum of B∩µ does not contribute to the Euler class, giving Theorem (6.4).
Remark 7.2. The reason we need to compute N(Aδ1PA1, n1,m1,m2, θ) is because it arises in the
recursive formula for N(Aδ1PA2, n1,m1,m2, θ), as will be clear shortly.
7.4 Proof of Theorem 6.5: computing N(Aδ1PA2, n1, m1, m2, θ)
Recall that in section 5 we have defined the space
Aδ1 ◦ PA1 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PA1, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+2).
We now define a section of the following line bundle
ΨPA2 : A
δ
1 ◦ PA1 −→ LPA2 := γ
∗
D ⊗ γˆ
∗ ⊗ (pi∗TX/γˆ)∗ ⊗ L, given by
{ΨPA2([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v ⊗ w) := ∇
2f |qδ+1(v,w).
If L is sufficiently (2δ + 2)-ample, then this section is transverse to zero. Next, let us define
B := Aδ1 ◦ PA1 −A
δ
1 ◦ PA1.
Hence
〈e(LPA2), [A
δ
1 ◦ PA1] ∩ [µ]〉 = N(A
δ
1PA2, n1,m1,m2, θ) + CB∩µ.
We now give an explicit description of B. As before, we only need to consider the component of B
where one (or more) of the qi become equal to the last point qδ+1. Define B(qi1 , . . . qik , lqδ) as before.
We will show in [1] that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PA3 ∪A
δ−1
1 ◦ Dˆ4.
Furthermore, we show that the contribution from Aδ−11 ◦ PA3 ∩ µ is 2, while the contribution from
Aδ−11 ◦ Dˆ4 ∩ µ is 3. Hence the total contribution from all the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PA3, n1,m1,m2, θ) + 3
(
δ
1
)
N(Aδ−11 Dˆ4, n1,m1,m2, θ).
20
Next, we show in [1] that
B(q1, q2, lqδ+1) ≈ A
δ−2
1 ◦ PD4 ∪A
δ−2
1 ◦ Dˆ5.
We also show that the contribution from Aδ−21 ◦ Dˆ4∩µ is 2, while the contribution from A
δ−2
1 ◦ PD5
is 3. Hence the total contribution from all the components of type B(qi1 , qi2 , lqδ+1) equals
4
(
δ
2
)
N(Aδ−21 PD4, n1,m1,m2, θ) + 4
(
δ
2
)
N(Aδ−21 Dˆ5, n1,m1,m2, θ).
Finally, we show in [1] that
B(q1, q2, . . . , qr, lqδ+1) ∩ µ = ∅ ∀ 3 ≤ r ≤ 5. (15)
Hence the remaining stratum of B does not contribute to the Euler class, giving us Theorem 6.5.
Remark 7.3. Although we have devoted [1] for the rigorous proofs of our closure claims, there is
very subtle point about equation (15) that we should mention here. Let us look at the claim for
r = 3. This is essentially saying that four nodes can not come together, once we intersect the variety
with µ. Let us see if this claim is believable; consider the following picture:
21
Figure 4: Four nodes collapsing to a D6-singularity
Now it seems naively that one of the components of B(q1, q2, q3, lq4) is Dˆ6. If that were indeed the
case then the intersection with µ would not be zero when θ = 1 (it would be zero when θ = 0).
Hence, what we are claiming here is that one of the components of B(q1, q2, . . . , q3, lq4) is not Dˆ6,
but is in fact PD6. Let us look at it a bit more carefully. We are not considering here the space
of curves with four distinct nodes. We are in fact considering the space of curves with three nodes
and one node with a distinguished branch of the node; namely the space A31 ◦ PA1 as opposed to
A41. Hence, any random curve with a D6-singularity will not be in the closure; i.e. all elements of
Dˆ6 are not in the closure. Only those elements will be in the closure where a a specific directional
derivative vanishes, namely only elements of PD6 will be in the closure. Hence, (15) is consistent
with the picture we have drawn.
Next, let us look at the claim for r = 5. This is essentially saying that six nodes can not come
together, once we intersect the variety with µ. Again, let us see if this claim is believable by looking
at the following picture:
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Figure 5: Six nodes collapsing to an ordinary quadruple point
Now it seems naively that one of the components of B(q1, q2, q3, q4, q5, lq6) is Xˆ9. If that were indeed
the case then the intersection with µ would not be zero when θ = 1 (it would be zero when θ = 0).
Hence, what we are claiming here is that one of the components of B(q1, q2, . . . , q5, lq6) is not Xˆ9,
but is in fact PX9. Let us look at it a bit more carefully. Again, we are not considering here the
space of curves with six distinct nodes. We are in fact considering the space of curve with five nodes
and one node with a distinguished branch of the node; namely the space A51 ◦ PA1 as opposed to
A61. Hence, any random curve with an X9 singularity will not be in the closure; i.e. all elements of
Xˆ9 are not in the closure. Only those elements will be in the closure where a a specific directional
derivative vanishes, namely only elements of PX9 will be in the closure. Hence, (15) is consistent
with the picture we have drawn.
7.5 Proof of Theorem 6.6: computing N(Aδ1PA3, n1, m1, m2, θ)
Recall that in section 5 we have defined the space
Aδ1 ◦ PA2 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PA2, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+3).
We now define a section of the following bundle
ΨPA3 : A
δ
1 ◦ PA2 −→ LPA3 := γ
∗
D ⊗ γˆ
∗3 ⊗ L, given by
{ΨPA3([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v
⊗3) := ∇3f |qδ+1(v, v, v).
By [2, Lemma 7.1, statement 8], we have that
PA2 = PA2 ∪ PA3 ∪ Dˆ4. (16)
Hence, let us define
B := Aδ1 ◦ PA2 −A
δ
1 ◦ (PA2 ∪ PA3).
If L is sufficiently (2δ+3)-ample, then the section ΨPA3 vanishes on the points of A
δ
1 ◦PA3 transver-
sally (all the points of Aδ1 ◦ PA3 are smooth points of the variety A
δ
1 ◦ PA2). Hence,
〈e(LPA3), [A
δ
1 ◦ PA2] ∩ [µ]〉 = N(A
δ
1PA3, n1,m1,m2, θ) + CB∩µ.
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We now give an explicit description of B. Let us first define
B0 := {([f ], q1, . . . qδ, lqδ+1) ∈ B : q1, q2 . . . qδ+1 are all distinct}.
In other words, B0 is that component of the boundary, where all the points are still distinct. By
(16), we conclude that
B0 = Aδ1 ◦ Dˆ4.
If we intersect B0 with µ then we will get a finite set of points. Since the representative µ is generic,
we conclude that the third derivative along v will not vanish, i.e. the section ΨPA3 will not vanish
on those points. Hence, B0 ∩ µ does not contribute to the Euler class.
Next, let us consider the components of B where one (or more) of the qi become equal to the
last point qδ+1. Define B(qi1 , . . . qik , lqδ) as before. We show in [5, Lemma 3.1] that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PA4 ∪ A
δ−1
1 ◦ Dˆ5.
We also show in [5] (Corollary 6.13) that the contribution to the Euler class from each of the points
of Aδ−11 ◦ PA4 ∩ µ is 2. Furthermore, the section ΨPA3 does not vanish on A
δ−1
1 ◦ Dˆ5 ∩ µ, since µ is
generic. Hence, the total contribution from all the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PA4, n1,m1,m2, θ).
Next, we analyze what happens when two nodes and one cusp come together. We show in [1] that
B(q1, q2, lqδ+1) ≈ A
δ−2
1 ◦ PD5.
Geometrically this is a believable statement due to the following picture:
24
Figure 6: Two nodes and one cusp collapsing to a D5-singularity
We also show that the contribution from each of the points of Aδ−21 ◦ PD5 ∩ µ is 2. Hence the total
contribution from all the components of type B(qi1 , qi2 , lqδ+1) equals
2
(
δ
2
)
N(Aδ−21 PD5, n1,m1,m2, θ).
Finally, we claim that
B(q1, q2, . . . , qr, lqδ+1) ∩ µ = ∅ ∀ 3 ≤ r ≤ 5.
In other words, a one dimensional family of curves with r-nodes and one cusp can not come together
if 3 ≤ r ≤ 5. Hence the remaining stratum of B does not contribute to the Euler class, giving us
Theorem 6.6.
7.6 Proof of Theorem 6.7: computing N(Aδ1PA4, n1, m1, m2, θ)
Recall that in section 5 we have defined the space
Aδ1 ◦ PA3 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PA3, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+4).
Let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors. Let us introduce the following abbreviation:
fij := ∇
i+jf |q(v, · · · v︸ ︷︷ ︸
i times
, w, · · ·w︸ ︷︷ ︸
j times
).
We now define a section of the following bundle
ψPA4 : A
δ
1 ◦ PA3 −→ LPA4 := γ
∗2
D ⊗ γˆ
∗4 ⊗ (pi∗TX/γˆ)∗2 ⊗ L∗2,
{ψPA4([f ], q1, . . . , qδ, lqδ+1)}(f
⊗2 ⊗ v⊗4 ⊗ w⊗2) := f02A
f
4 , where A
f
4 := f40 −
3f221
f02
.
By [2, Lemma 7.1, statement 9], we have that
PA3 = PA3 ∪ PA4 ∪ PD4. (17)
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Hence, let us define
B := Aδ1 ◦ PA3 −A
δ
1 ◦ (PA3 ∪ PA4).
If L is sufficiently (2δ+4)-ample, then the section ΨPA4 vanishes on the points of A
δ
1 ◦PA4 transver-
sally (all the points of Aδ1 ◦ PA4 are smooth points of the variety A
δ
1 ◦ PA3). Next, let us define
B := Aδ1 ◦ PA3 −A
δ
1 ◦ PA3 ∪ PA4.
Hence,
〈e(LPA4), [A
δ
1 ◦ PA3] ∩ [µ]〉 = N(A
δ
1PA4, n1,m1,m2, θ) + CB∩µ.
We now give an explicit description of B. As before, let us first define B0 as
B0 := {([f ], q1, . . . qδ, lqδ+1) ∈ B : q1, q2 . . . qδ+1 are all distinct}.
Hence, B0 is that component of the boundary, where all the points are still distinct. By (17), we
conclude that
B0 = Aδ1 ◦ PD4.
If we intersect B0 with µ then we will get a finite set of points. Since the representative µ is generic,
we conclude that the directional derivative f21 will not vanish on those points. Since f02 = 0 on B0
we conclude that
f02A
f
4 = f02f40 − 3f
2
21 6= 0
if f21 6= 0. Hence the section ΨPA4 will not vanish on B0 ∩ µ.
Next, let us consider the components of B where one (or more) of the qi become equal to the
last point qδ+1. Define B(qi1 , . . . qik , lqδ) as before. We show in [5, Lemma 6.3(4)], that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PA5 ∪ A
δ−1
1 ◦ PD
∨
5 ,
where we define PD∨k to be the space
PD∨k := {([f ], lq) ∈ D × PTX : ([f ], q) ∈ Dk, f30 = 0 and f21 6= 0}. (18)
The section ΨPA4 will not vanish on PD
∨
5 , since by definition on PD
∨
k we have f02 = 0 but f21 6= 0.
Hence, the section will not vanish on Aδ−11 ◦ PD
∨
5 ∩ µ. We also show in [5, Corollary 6.13], that the
contribution of the section ΨPA4 to the Euler class from each of the points of A
δ−1
1 ◦ PA5 ∩ µ is 2.
Hence the total contribution from all the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PA5, n1,m1,m2, θ).
Next, we analyze what happens when two nodes and one tacnode come together. We show in [1]
that
B(q1, q2, lqδ+1) ∩ µ ≈ A
δ−2
1 ◦ PD6 ∩ µ.
Geometrically this is a believable statement due to the following picture:
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Figure 7: Two nodes and one tacnode collapsing to a D6-singularity
We also show that the contribution from each of the points of Aδ−21 ◦ PD6 ∩ µ is 4. Hence the total
contribution from all the components of type B(qi1 , qi2 , lqδ+1) equals
4
(
δ
2
)
N(Aδ−21 PD6, n1,m1,m2, θ).
Finally, we show in [1] that
B(q1, q2, . . . , qr, lqδ+1) ∩ µ = ∅ ∀ 3 ≤ r ≤ 4.
In other words, a one dimensional family of curves with r-nodes and one tacnode can not come
together if 3 ≤ r ≤ 4. Hence the remaining stratum of B does not contribute to the Euler class,
giving us Theorem 6.7.
7.7 Proof of Theorem 6.8: computing N(Aδ1PD4, n1, m1, m2, θ)
Let us first do the case θ = 0. Define a section of the following bundle
ΨPD4 : A
δ
1 ◦ PA3 −→ LPD4 := γ
∗
D ⊗ (pi
∗TX/γˆ)∗2 ⊗ L, given by
{ΨPD4([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ w
⊗2) := ∇2f |q(w,w).
By [2, Lemma 7.1, statement 9], we conclude that
PA3 = PA3 ∪ PA4 ∪ PD4. (19)
Hence, let us define
B := Aδ1 ◦ PA3 −A
δ
1 ◦ (PA3 ∪ PD4).
If L is sufficiently (2δ+4)-ample, then the section ΨPD4 vanishes on the points of A
δ
1 ◦PD4 transver-
sally (all the points of Aδ1 ◦ PD4 are smooth points of the variety A
δ
1 ◦ PA3). Hence,
〈e(LPD4), [A
δ
1 ◦ PA3] ∩ [µ]〉 = N(A
δ
1PD4, n1,m1,m2, θ) + CB∩µ.
We now give an explicit description of B. Let us define B0 as before; it denotes the component of the
boundary where all the points are distinct. The section ΨPD4 does not vanish on A
δ
1 ◦ PA4; hence
(19), the section does not vanish on B0.
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Next, let us analyze the component of B where one (or more) of the qi become equal to the
last point qδ+1. Define B(qi1 , . . . qik , lqδ) as before. We show in [5, Lemma 6.3(4)] that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PA5 ∪ A
δ−1
1 ◦ PD
∨
5 ,
where PD∨5 is as defined in (18). We also show in [5, Corollary 6.17] that the section ΨPD4 vanishes
on Aδ−11 ◦ PD
∨
5 ∩ µ with a multiplicity of 2. Furthermore, we notice that the section does not vanish
on Aδ−11 ◦ PA5 ∩ µ. Hence the total contribution from all the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PD
∨
5 , n1,m1,m2, 0).
Next, we note that the projection map pi : Aδ1 ◦ PD
∨
5 −→ A
δ
1 ◦D5 is one to one. Hence,
N(Aδ−11 PD
∨
5 , n1,m1,m2, 0) = N(A
δ−1
1 D5, n1,m1,m2).
Hence the total contribution from all the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 D5, n1,m1,m2).
Next, let us describe the boundary when three of the points come together. As mentioned earlier in
the Proof of Theorem 6.7, we show in [1] that
B(q1, q2, lqδ+1) ≈ A
δ−2
1 ◦ PD6.
We also show that the contribution from each of the points of Aδ−21 ◦ PD6 ∩ µ is 2. Hence the total
contribution from all the components of type B(qi1 , qi2 , lqδ+1) equals
2
(
δ
2
)
N(Aδ−21 PD6, n1,m1,m2, θ).
Finally, we show in [1] that
B(q1, q2, . . . , qr, lqδ+1) ∩ µ = ∅ ∀ 3 ≤ r ≤ 4.
In other words, if we have a one dimensional family of curves with r-nodes and one tacnode, then
all the points can not come together, if r is 3 or 4. Hence the remaining stratum of B does not
contribute to the Euler class, giving us Theorem 6.8 for θ = 0.
Next, we consider the case θ = 1. Let us consider the following space in section 5, namely
Aδ1 ◦ Dˆ4 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ Dˆ4, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+4).
We again consider the section of the following bundle
ΨPA3 : A
δ
1 ◦ Dˆ4 −→ LPA3 := γ
∗
D ⊗ γˆ
∗3 ⊗ L,
{ΨPA3([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v
⊗3) := ∇3f |q(v, v, v).
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If L is sufficiently (2δ + 4)-ample, then this section is transverse to the zero set. Let,
B := Aδ1 ◦ Dˆ4 −A
δ
1 ◦ Dˆ4.
Hence
〈e(LPA3), [A
δ
1 ◦ Dˆ4] ∩ [µ]〉 = N(A
δ
1PD4, n1,m1,m2, θ) + CB∩µ.
Let us denote B0 to be the component of the boundary where all the points are distinct. The section
ΨPA3 will not vanish on B0∩µ, since the last marked point will comprise of a generic D5-singularity.
Next, let us consider the component when one or more points come together. Define B(q1, . . . , qr, lqδ+1)
as before. We show in [1] that
B(q1, lqδ+1) = Dˆ6.
Again, when we intersect Dˆ6, the section ΨPA3 will not vanish. Hence, it does not contribute to the
Euler class. Next, we show in [1] that
B(q1, q2, lqδ+1) ∩ µ = ∅.
Hence, B(q1, q2, lqδ+1) does not contribute to the Euler class. Finally, we show that when three nodes
and one triple point come together, we get a triple point. In other words, we show in [1] that:
B(q1, q2, q3, lq4) = Xˆ9. (20)
Geometrically this is a believable statement due to the following picture:
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Figure 8: Three nodes and one D4-singularity collapsing to a quadruple point
We also show in [1] that the contribution of the section from each of the points of Xˆ9∩µ is 24. That
gives us Theorem 6.8 for θ = 1.
7.8 Proof of Theorem 6.10: computing N(Aδ1PD5, n1, m1, m2, θ)
Recall that in section 5, we have defined the following space
Aδ1 ◦ PD4 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PD4, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+5).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and let fij be defined as
before. We now define a section of the following bundle
ΨPD5 : A
δ
1 ◦ PD4 −→ LPD5 := γ
∗
D ⊗ γˆ
∗2 ⊗ (pi∗TX/γˆ)∗ ⊗ L∗, given by
{ΨPD5([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v
⊗2 ⊗ w) := f21.
In [2, Lemma 7.1, statement 4], we prove that
PD4 = PD4 ∪ PD5 ∪ PD∨5 . (21)
Hence, let us define
B := Aδ1 ◦ PD4 −A
δ
1 ◦ (PD4 ∪ PD5).
If L is sufficiently (2δ+4)-ample, then the section ΨPD5 vanishes on the points of A
δ
1 ◦PD5 transver-
sally (all the points of Aδ1 ◦ PD5 are smooth points of the variety A
δ
1 ◦ PD4). Hence,
〈e(LPD5), [A
δ
1 ◦ PD4] ∩ [µ]〉 = N(A
δ
1PD5, n1,m1,m2, θ) + CB∩µ.
Let us define B0 as before, namely the component of the boundary where all the points are distinct.
The section ΨPD5 does not vanish on PD
∨
5 by definition (recall that by definition of the space PD
∨
5 ,
the directional derivative f21 6= 0). Hence, the section ΨPD5 does not vanish on A
δ
1 ◦ PD
∨
5 ∩ µ for a
generic µ. Therefore, B0 does not contribute to the Euler class.
Next, let us analyze the boundary when one or more points come together; define B(qi1 , . . . qik , lqδ)
as before. In [1], we show that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PD6 ∪A
δ−1
1 ◦ PD
∨
6 .
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Again, by the definition of PD∨k , the directional derivative f21 does not vanish on PD
∨
6 ; hence the
section ΨPD5 does not vanish on A
δ−1
1 ◦ PD
∨
6 ∩ µ. We also show in [1] that the section vanishes on
Aδ−11 ◦ PD6 ∩ µ with a multiplicity of 2. Hence the total contribution from all the components of
type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PD6, n1,m1,m2, θ).
Next, let us consider the boundary when two points come together. We show in [1] that
B(q1, q2, lqδ+1) ≈ A
δ−2
1 ◦ Xˆ9.
Furthermore, we show that the section vanishes on Aδ−21 ◦ Xˆ9. Hence, the contribution from all
points of type B(qi1 , qi2 , lqδ+1) equals
12
(
δ
1
)
N(Aδ−21 Xˆ9, n1,m1,m2, θ).
Finally, we show in [1] that
B(q1, q2, q3, lq4)∩ = PX9. (22)
This is geometrically believable due to the following picture:
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Figure 9: Three nodes and one triple point collapsing to a quadruple point
We also show in [1] that the contribution from each of the point of PX9 is 18, thereby giving us
Theorem 6.10.
Remark 7.4. We remind the reader again that there is a subtle difference between (20) and (22).
Both the statements happen to be true, but they are not exactly the same statements. In the first
statement we are looking at the space of curves with three nodes and one triple point; in the closure
we get a quadruple point. In other words we were looking at the space A31 ◦ Dˆ4 and getting Xˆ9 in
the closure.
In the second case, we are looking at the space of curves with three nodes and a triple point
with a distinguished branch along which the third derivative vanishes. In other words, we are looking
at the space A1◦PD4 as opposed to A
3
1◦Dˆ4. What we get in the closure is not any random quadruple
point. We get a quadruple point with a distinguished branch such that the fourth derivative along
that direction vanishes. In other words, we do not get Xˆ9 in the closure, but rather PX9.
7.9 Proof of Theorem 6.11: computing N(Aδ1PA5, n1, m1, m2, θ)
Recall that in section 5 we have defined the space
Aδ1 ◦ PA4 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PA4, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+5).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define a section of the following bundle
ΨPA5 : A
δ
1 ◦ PA4 −→ LPA5 := γˆ
∗5 ⊗ γ∗3D ⊗ (pi
∗TX/γˆ)∗4 ⊗ L∗3 given by
{ΨPA5([f ], q1, . . . , qδ, lqδ+1)}(f
⊗2 ⊗ v⊗5 ⊗ w⊗4) := f202A
f
5 ,
where
Af5 := f50 −
10f21f31
f02
+
15f12f
2
21
f202
.
In [2, Lemma 7.1, statement 10], we prove that
PA4 = PA4 ∪ PA5 ∪ PD5. (23)
Hence, let us define
B := Aδ1 ◦ PA4 −A
δ
1 ◦ (PA4 ∪ PA5).
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If L is sufficiently (2δ+5)-ample, then the section ΨPA5 vanishes on the points of A
δ
1 ◦PA5 transver-
sally (all the points of Aδ1 ◦ PA5 are smooth points of the variety A
δ
1 ◦ PA4). Hence,
〈e(LPA5), [A
δ
1 ◦ PA4] ∩ [µ]〉 = N(A
δ
1PA5, n1,m1,m2, θ) + CB∩µ.
Let us define B0 as before, namely the component of the boundary where none of the (q1, . . . , qδ)
points are equal to the last marked point qδ+1. We show in [2, Corollary 7.4], that the section ΨPA5
vanishes on all points of Aδ1 ◦ PD5 with a multiplicity of 2. Hence, the contribution of B0 to the
Euler class is
2N(Aδ1PD5, n1,m1,m2, θ).
Next, let us analyze the boundary when one (or more) of the qi become equal to the last point
qδ+1. Define B(qi1 , . . . qik , lqδ) as before. We show in [5, Lemma 6.3, statement 5] that,
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PA6 ∪A
δ−1
1 ◦ PE6 ∪A
δ−1
1 ◦ PD7.
The contribution from Aδ−11 ◦ PA6 ∩ µ and A
δ−1
1 ◦ PE6 ∩ µ are 2 and 5 respectively. Since the
pseudocycle µ is generic, it will not intersect Aδ−11 ◦ PD7 ∩ µ. Hence, the total contribution from all
the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PA6, n1,m1,m2, θ) + 5
(
δ
1
)
N(Aδ−11 PE6, n1,m1,m2, θ).
Next, we show in [1] that
B(q1, q2, lqδ+1) ≈ A
δ−2
1 ◦ PD7.
This is geometrically believable due to the following picture:
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Figure 10: Two nodes and nodes and one A4-singularity collapsing to a D7-singularity
We also show that the contribution from each of the points of Aδ−21 ◦ PD7 ∩ µ is 6. Hence the total
contribution from all the components of type B(qi1 , qi2 , lqδ+1) equals
6
(
δ
2
)
N(Aδ−21 PD7, n1,m1,m2, θ).
Finally, we we show in [1] that
B(q1, q2, q3, lq4) ∩ µ = ∅.
Hence the remaining stratum of B does not contribute to the Euler class, giving us Theorem 6.11.
7.10 Proof of Theorem 6.14: computing N(Aδ1PA6, n1, m1, m2, θ)
Recall that in section 5, we have defined the space
Aδ1 ◦ PA5 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PA5, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+6).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define a section of the following bundle
ΨPA6 : A
δ
1 ◦ PA5 −→ LPA6 := γˆ
∗6 ⊗ γ∗4D ⊗ (pi
∗TX/γˆ)∗6 ⊗ L∗4 given by
{ΨPA6([f ], q1, . . . , qδ, lqδ+1)}(f
⊗2 ⊗ v⊗6 ⊗ w⊗6) := f302A
f
6 ,
where
Af6 := f60 −
15f21f41
f02
−
10f231
f02
+
60f12f21f31
f202
+
45f221f22
f202
−
15f03f
3
21
f302
−
90f212f
2
21
f302
.
In [2, Lemma 7.1, statement 11], we prove that
PA5 = PA5 ∪ PA6 ∪ PD6 ∪ PE6. (24)
Hence, let us define
B := Aδ1 ◦ PA5 −A
δ
1 ◦ (PA5 ∪ PA6).
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If L is sufficiently (2δ+5)-ample, then the section ΨPA6 vanishes on the points of A
δ
1 ◦PA6 transver-
sally (all the points of Aδ1 ◦ PA6 are smooth points of the variety A
δ
1 ◦ PA5). Hence,
〈e(LPA6), [A
δ
1 ◦ PA5] ∩ [µ]〉 = N(A
δ
1PA6, n1,m1,m2, θ) + CB∩µ.
Let us define B0 as before, namely the component of the boundary where all the points are distinct.
We show in [2, Corollary 7.7 and Corollary 7.9] that the section ΨPA6 vanishes on all points of
Aδ1 ◦ PD6 ∩ µ and A
δ
1 ◦ PE6 ∩ µ with a multiplicity of 4 and 3 respectively. Hence, the contribution
of B0 to the Euler class is
4N(Aδ1PD6, n1,m1,m2, θ) + 3N(A
δ
1PE6, n1,m1,m2, θ).
Next, let us analyze the boundary when one (or more) of the qi become equal to the last point
qδ+1. Define B(qi1 , . . . qik , lqδ) as before. We show in [5, Lemma 6.3, statement 6] and [1] that
B(q1, lqδ+1) ≈ A
δ−1
1 ◦ PA7 ∪A
δ−1
1 ◦ PE7 ∪A
δ−1
1 ◦ PD8 ∪A
δ−1
1 ◦ Xˆ9.
We also show in [5, Corollary 6.13 and 6.23] that the contribution from the points of Aδ−11 ◦ PA7 ∩µ
and Aδ−11 ◦ PE7 ∩ µ are 2 and 6 respectively. We also show in [1] that the contribution from the
points of Aδ−11 ◦ Xˆ9 ∩ µ is 12. Since the pseudocycle µ is generic, it will not intersect A
δ−1
1 ◦ PD8.
Hence the total contribution from all the components of type B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PA7, n1,m1,m2, θ)+6
(
δ
1
)
N(Aδ−11 PE7, n1,m1,m2, θ)+12
(
δ
1
)
N(Aδ−11 Xˆ9, n1,m1,m2, θ).
Finally, we show in [1] that
B(q1, q2, lq3) ∩ µ = ∅.
Hence the remaining stratum of B does not contribute to the Euler class, giving us Theorem 6.14.
7.11 Proof of Theorem 6.12 and 6.13: computing N(Aδ1PD6, n1, m1, m2, θ) and
N(Aδ1PE6, n1, m1, m2, θ)
The computation of N(Aδ1PD6, n1,m1,m2, θ) and N(A
δ
1PE6, n1,m1,m2, θ) are over the same
spaces; hence it is more efficient to do these to computations simultaneously. Recall that in section
5, we have defined the following space
Aδ1 ◦ PD5 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PD5, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+6).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define sections of the following two bundles:
ΨPD6 : A
δ
1 ◦ PD5 −→ LPD6 := γ
∗
D ⊗ γˆ
∗4 ⊗ L, given by
{ΨPD6([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v
⊗4) := f40 and
ΨPE6 : A
δ
1 ◦ PD5 −→ LPE6 := γˆ
∗ ⊗ γ∗D ⊗ (TX/γˆ)
∗2 ⊗ L∗, given by
{ΨPE6([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v ⊗ w
⊗2) := f12.
35
In [2, Lemma 7.1, statement 6], we prove that
PD5 = PD5 ∪ PD6 ∪ PE6. (25)
Hence, let us define
B := Aδ1 ◦ PD5 −A
δ
1 ◦ (PD5 ∪ PD6) and
B′ := Aδ1 ◦ PD5 −A
δ
1 ◦ (PD5 ∪ PE6)
If L is sufficiently (2δ+4)-ample and (2δ+3)-ample, then the sections ΨPD6 and ΨPE6 vanish on the
points of Aδ1 ◦PD6 and A
δ
1 ◦PE6 transversally, respectively (all the points of A
δ
1 ◦PD6 and A
δ
1 ◦PE6
are smooth points of the variety Aδ1 ◦ PD5). Hence
〈e(LPD6), [A
δ
1 ◦ PD5] ∩ [µ]〉 = N(A
δ
1PD6, n1,m1,m2, θ) + CB∩µ(ΨPD6) and
〈e(LPE6), [A
δ
1 ◦ PD5] ∩ [µ]〉 = N(A
δ
1PE6, n1,m1,m2, θ) + CB′∩µ(ΨPE6).
Here CB∩µ(ΨPD6) and CB′∩µ(ΨPE6) denote the contribution from the boundary to the Euler class
from the sections ΨPD6 and ΨPE6 respectively.
Let us define B0 and B
′
0 as before, namely the component of the boundary where all the points
are distinct. It is easy to see that the section ΨPD6 does not vanish on B
′
0 ∩ µ and the section ΨPE6
does not vanish on B0 ∩ µ. Hence, B0 and B
′
0 do not contribute to the Euler class.
Next, let us analyze the boundary when one (or more) of the qi become equal to the last point
qδ+1. Define B(qi1 , . . . qik , lqδ) and B
′(qi1 , . . . qik , lqδ ) as before. We show in [5, Lemma 6.3, statement
9] and [1] that
B(q1, lqδ+1) ≈ B
′(q1, lqδ+1) ≈ A
δ−1
1 ◦ PD7 ∪A
δ−1
1 ◦ PE7 ∪A
δ−1
1 ◦ Xˆ9.
Let us first focus on the section ΨPD6 . We show in [5, Corollary 6.28 and Corollary 6.30], that the
contribution of the section ΨPD6 from the points of A
δ−1
1 ◦ PD7 ∩ µ and A
δ−1
1 ◦ PE7 ∩ µ are 2 and
1 respectively. Let us now consider Aδ−11 ◦ Xˆ9 ∩ µ. Suppose
([f ], q1, . . . , qδ, lqδ+1) ∈ A
δ−1
1 ◦ Xˆ9 ∩ µ.
Since µ is a generic pseudocycle, we conclude that f40 6= 0. Hence, the section ΨPD6 does not vanish
on Aδ−11 ◦ Xˆ9 ∩µ. Hence the total contribution of the section ΨPD6 from all the components of type
B(qi1 , lqδ+1) equals
2
(
δ
1
)
N(Aδ−11 PD7, n1,m1,m2, θ) +
(
δ
1
)
N(Aδ−11 PE7, n1,m1,m2, θ).
Next, we show in [1] that
B(q1, q2, lq3) ∩ µ = ∅.
Hence the remaining stratum of B does not contribute to the Euler class, giving us Theorem 6.12.
Next, let us consider the section ΨPE6 . We show in [5, Corollary 6.30], and in [1] that the
contribution of the section ΨPE6 from the points of A
δ−1
1 ◦ PE7 ∩ µ and A
δ−1
1 ◦ Xˆ9 ∩ µ are 1 and
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4 respectively. The section ΨPE6 does not vanish on A
δ−1
1 ◦ PD7; hence it does not vanish on
Aδ−11 ◦ PD7 ∩ µ. Hence the total contribution from all the components of type B(qi1 , lqδ+1) equals
1×
(
δ
1
)
N(Aδ−11 PE7, n1,m1,m2, θ) + 4
(
δ
1
)
N(Aδ−11 Xˆ9, n1,m1,m2, θ).
Finally, as stated earlier, we prove in [1] that
B(q1, q2, lq3) ∩ µ = ∅.
Hence, the remaining stratum of B does not contribute to Euler class, giving us Theorem 6.13.
7.12 Proof of Theorem 6.15 and 6.16: computing N(Aδ1PD7, n1, m1, m2, θ) and
N(Aδ1PE7, n1, m1, m2, θ)
The computation of N(Aδ1PD7, n1,m1,m2, θ) and N(A
δ
1PE7, n1,m1,m2, θ) are over the same
spaces; hence it is more efficient to prove these two computations simultaneously. Recall that in
section 5, we have defined the following space
Aδ1 ◦ PD6 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PD6, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+7).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define sections of the following two bundles
ΨPD7 : A
δ
1 ◦ PD6 −→ LPD7 := γˆ
∗6 ⊗ γ∗2D ⊗ (pi
∗TX/γˆ)∗2 ⊗ L∗2, given by
{ΨPD7([f ], q1, . . . , qδ, lqδ+1)}(f
⊗2 ⊗ v⊗6 ⊗ w⊗2) := f12D
f
7 and
ΨPE7 : A
δ
1 ◦ PD6 −→ LPE7 := γ
∗
D ⊗ γˆ
∗ ⊗ (pi∗TX/γˆ)∗2 ⊗ L, given by
{ΨPE7([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v ⊗ w
⊗2) := f12,
where Df7 := f50 −
5f231
3f12
.
In [2, Lemma 7.1, statement 7], we prove that
PD6 = PD6 ∪ PD7 ∪ PE7. (26)
Hence, let us define
B := Aδ1 ◦ PD6 −A
δ
1 ◦ (PD6 ∪ PD7) and
B′ := Aδ1 ◦ PD5 −A
δ
1 ◦ (PD6 ∪ PE7)
If L is sufficiently (2δ+5)-ample and (2δ+4)-ample, then the sections ΨPD7 and ΨPE7 vanish on the
points of Aδ1 ◦PD7 and A
δ
1 ◦PE7 transversally, respectively (all the points of A
δ
1 ◦PD7 and A
δ
1 ◦PE7
are smooth points of the variety Aδ1 ◦ PD6). Hence
〈e(LPD7), [A
δ
1 ◦ PD6] ∩ [µ]〉 = N(A
δ
1PD7, n1,m1,m2, θ) + CB∩µ(ΨPD7) and
〈e(LPE7), [A
δ
1 ◦ PD6] ∩ [µ]〉 = N(A
δ
1PE7, n1,m1,m2, θ) + CB′∩µ(ΨPE7).
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Let us define B0 and B
′
0 as before, namely the component of the boundary where all the points
are distinct. Note that the section ΨPD7 does not vanish on A
δ
1 ◦ PE7. To see why that is so, we
note that on PE7, the directional derivative f12 = 0 but f03 and f31 6= 0; this follows from Lemma
4.8. Hence,
f12D
f
7 = f12f50 −
5
3
f231 = −
5
3
f231 6= 0.
Hence, the section ΨPD7 does not vanish on B0 ∩ µ. It is also immediate that the section ΨPE7 does
not vanish on Aδ1 ◦ PD7; hence it does not vanish on B
′
0 ∩ µ. Hence, B0 and B
′
0 do not contribute to
the Euler class.
Next, let us analyze the boundary when one (or more) of the qi become equal to the last point
qδ+1. Define B(qi1 , . . . qik , lqδ) and B
′(qi1 , . . . qik , lqδ) as before. We show in [1], that
B(q1, lqδ+1) ≈ B
′(q1, lqδ+1) ≈ A
δ−1
1 ◦ PD8 ∪ A
δ−1
1 ◦ PX9.
Let us first focus on the section ΨPD7 . We show that the contribution of the section ΨPD7 from the
points of Aδ−11 ◦ PD8 ∩ µ is 2. Next, let us consider A
δ−1
1 ◦ PX9 ∩ µ. Suppose
([f ], q1, . . . , qδ, lqδ+1) ∈ A
δ−1
1 ◦ PX9 ∩ µ.
Since µ is a generic pseudocycle, we conclude that f31 6= 0. Hence, the section ΨPD7 does not vanish
on Aδ−11 ◦ PX9 ∩ µ. Hence the total contribution of the section ΨPD7 from B ∩ µ is
2
(
δ
1
)
N(Aδ−11 PD8, n1,m1,m2, θ).
That gives us Theorem 6.15.
Next, let us look at the section ΨPE7 . We show that the contribution of the section ΨPE7 from
the points of Aδ−11 ◦ PX9 ∩ µ is 3. Furthermore, the section does not vanish on A
δ−1
1 ◦ PD8 (and
hence does not vanish on Aδ−11 ◦ PD8 ∩µ since the cycle µ is generic). Hence, the total contribution
of the section from B ∩ µ is
3
(
δ
1
)
N(Aδ−11 PX9, n1,m1,m2, θ).
That proves Theorem 6.15.
7.13 Proof of Theorem 6.17: computing N(Aδ1PA7, n1, m1, m2, θ)
Recall that in section 5, we have defined the space
Aδ1 ◦ PA6 := {([f ], q1, . . . , qδ, lqδ+1) ∈ D × (X)
δ × PTX :f has a singularity of type A1 at q1, . . . , qδ,
([f ], lqδ+1) ∈ PA6, q1, . . . , qδ+1 all distinct}.
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+δ+7).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define section of the following bundle
ΨPA7 : A
δ
1 ◦ PA6 −→ LPA7 := γˆ
∗7 ⊗ γ∗5D ⊗ (pi
∗TX/γˆ)∗8 ⊗ L∗5, given by
{ΨPA7([f ], q1, . . . , qδ, lqδ+1)}(f
⊗5 ⊗ v⊗7 ⊗ w⊗8) := f402A
f
7 .
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In [2, Lemma 7.1, statement 12], we prove that
PA6 = PA6 ∪ PA7 ∪ PD7 ∪ PE7 ∪ Xˆ9. (27)
Hence, let us define
B := Aδ1 ◦ PA6 −A
δ
1 ◦ (PA6 ∪ PA7).
If L is sufficiently (2δ + 7)-ample then the section vanishes on the points of Aδ1 ◦ PA7 transversally
(all the points of Aδ1 ◦ PA7 are smooth points of the variety A
δ
1 ◦ PA6). Hence
〈e(LPA7), [A
δ
1 ◦ PA6] ∩ [µ]〉 = N(A
δ
1PA7, n1,m1,m2, θ) + CB∩µ. (28)
Let us define B0 as before, namely the component of the boundary all the points are distinct.
In [2, Corollary 7.11, Corollary 7.13 and Equation 7.62], we prove that the section ΨPA7 vanishes on
Aδ1 ◦ PD7 ∩ µ, A
δ
1 ◦ PE7 ∩ µ and A
δ
1 ◦ Xˆ9 ∩ µ with a multiplicity of 6, 7 and 5 respectively. Thus, the
contribution of B0 ∩ µ to the Euler class is
6N(Aδ1PD7, n1,m1,m2, θ) + 7N(A
δ
1PE7, n1,m1,m2, θ) + 5N(A
δ
1Xˆ9, n1,m1,m2, θ).
Next, let us analyze the boundary when one (or more) of the qi become equal to the last point
qδ+1. We show in [1] that
B(q1, lqδ+1) ∩ µ =
(
PA8 ∩ µ
)
∪
(
PE8 ∩ µ
)
.
We also show that the contribution to the Euler class from PA8 ∩ µ and PE8 ∩ µ is 2 and 14
respectively. Hence the total contribution from points of type B(qi1 , lqδ+1) is
2
(
δ
1
)
N(Aδ1PA8, n1,m1,m2, θ) + 14
(
δ
1
)
N(Aδ1PE8, n1,m1,m2, θ).
This gives us Theorem 6.17.
The rest of the computations involve enumerating curves with just one codimension eight
singular point. Hence, there will be no reference to a δ, since δ is going to be zero.
7.14 Proof of Theorem 6.19: computing N(PD8, n1, m1, m2, θ)
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+8).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define a section of the following bundles
ΨPD8 : PD7 −→ LPD8 := γ
∗3
D ⊗ γˆ
∗9 ⊗ (pi∗TX/γˆ)∗6 ⊗ L∗4, given by
{ΨPD8([f ], q1, . . . , qδ, lqδ+1)}(f
⊗2 ⊗ v⊗6 ⊗ w⊗2) := f312D
f
8 ,
where
Df8 := f60 +
5f03f31f50
3f212
−
5f31f41
f12
−
10f03f
3
31
3f312
+
5f22f
2
31
f212
.
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If L is sufficiently (2δ +6)-ample, then this section is transverse to the zero set. We show in [1] that
PD7 = PD7 ∪ PD8 ∪ PE8.
Hence, let us define
B := PD7 − PD7.
Hence
〈e(LPD8), [A
δ
1 ◦ PD7] ∩ [µ]〉 = N(A
δ
1PD8, n1,m1,m2, θ) + CB∩µ.
We also show in [1] that the contribution of PE8 ∩ µ to the Euler class is 3. That gives us Theorem
6.19.
7.15 Proof of Theorem 6.18 and 6.20: computing N(PE8, n1, m1, m2, θ) and N(PX9, n1, m1, m2, θ)
Since the computation of both these numbers is done on top of the same space, it is more
efficient to compute them together. Let µ be a generic pseudocycle representing the homology class
Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+8).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define sections of the following bundles
ΨPE8 : PE7 −→ LPE8 := γ
∗
D ⊗ γˆ
∗3 ⊗ (pi∗TX/γˆ)∗ ⊗ L∗ given by
{ΨPE8([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ v
⊗3 ⊗ w) := f31 and
ΨPX9 : PE7 −→ LPX9 := γ
∗
D ⊗ (pi
∗TX/γˆ)∗3 ⊗ L∗ given by
{ΨPX9([f ], q1, . . . , qδ, lqδ+1)}(f ⊗ w
⊗3) := f03.
If L is sufficiently (2δ + 4)-ample, then these sections are transverse to the zero set. We show in [1]
that
PE7 = PE7 ∪ PE8 ∪ PX9. (29)
The directional derivative f31 does not vanish on PX9 after we intersect it with µ. Similarly, the
directional derivative f03 does not vanish on PE8. Hence,
〈e(LPE8), [PE7] ∩ [µ]〉 = N(PE8, n1,m1,m2, θ) and
〈e(LPX9), [PE7] ∩ [µ]〉 = N(PX9, n1,m1,m2, θ).
That gives us Theorem 6.18 and 6.20.
7.16 Proof of Theorem 6.21: computing N(PX∨9 , n1, m1, m2, θ)
Let µ be a generic pseudocycle representing the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+8).
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As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define sections of the following bundle
ΨPX∨
9
: Xˆ9 −→ LPX∨
9
:= γ∗3D ⊗ γˆ
∗9 ⊗ (pi∗TX/γˆ)∗3 ⊗ L∗3, given by
{ΨPX∨
9
}(v⊗9 ⊗ w⊗3) :=
(
−
f331
8
+
3f22f31f40
16
−
f13f
2
40
16
)
.
We show in [1], that there is no extra boundary contribution while computingN(PX∨9 , n1,m1,m2, θ).
Hence,
〈e(LPX∨
9
), [Xˆ9] ∩ [µ]〉 = N(PX
∨
9 , n1,m1,m2, θ).
This gives us Theorem 6.21.
7.17 Proof of Theorem 6.22: computing N(PA8, n1, m1, m2, θ)
Finally, we are ready to compute N(PA8, n1,m1,m2, θ). Let µ be a generic pseudocycle rep-
resenting the homology class Poincare´ dual to
cn11 x
m1
1 x
m2
2 λ
θyδL−(n1+m1+2m2+θ+8).
As before, we let v ∈ γˆ and w ∈ pi∗TX/γˆ be two fixed non zero vectors and define fij as before. We
now define sections of the following bundle
ΨPA8 : PA7 −→ LPA8 := γ
∗6
D ⊗ γˆ
∗8 ⊗ (pi∗TX/γˆ)∗10 ⊗ L∗6, given by
{ΨPA8([f ], lq)}(f
⊗6 ⊗ v8 ⊗ w⊗10) := f502A
f
8 ,
where
Af8 := f80 −
28f21f61
f02
−
56f31f51
f02
+
210f221f42
f202
+
420f21f22f41
f202
−
210f03f
2
21f41
f302
+
560f21f31f32
f202
−
840f13f
2
21f31
f302
−
420f321f23
f302
+
1260f03f
3
21f22
f404
−
35f241
f02
+
280f22f
2
31
f202
−
280f03f21f
2
31
f302
−
1260f221f
2
22
f302
+
105f04f
4
21
f402
−
315f203f
4
21
f502
+
168f21f51f12
f202
+
280f31f41f12
f202
−
1680f221f32f12
f302
−
3360f21f22f31f12
f302
+
2520f03f
2
21f31f12
f402
+
2520f13f
3
21f12
f402
−
840f21f41f
2
12
f302
+
7560f221f22f
2
12
f402
−
560f231f
2
12
f302
−
5040f03f
3
21f
2
12
f502
+
3360f21f31f
3
12
f402
−
5040f221f
4
12
f502
.
We show in [1] that
PA7 = PA7 ∪ PA8 ∪ PD8 ∪ PE8 ∪ PX∨9 .
We also show in [1] that the contributions from PD8 ∩ µ, PE8 ∩ µ and PX
∨
9 ∩ µ are 8, 16 and 6.
Hence,
〈e(LPA8), [PA7] ∩ [µ]〉 = N(PA8, n1,m1,m2, θ)
+ 8N(PD8, n1,m1,m2, θ) + 16N(PE8, n1,m1,m2, θ) + 6N(PX
∨
9 , n1,m1,m2, θ).
That gives us Theorem 6.22.
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8 Low degree checks in P2
8.1 Verifying the number N(A81)
We will now subject our formulas to some low degree checks. Let start by verifying Kleiman-
Piene’s formula for 8-nodal curves for quintics in P2. We need to find out the number for degree 5
curves in P2, through 12 generic points that have 8 nodes (let us say unordered). The genus of a
smooth quintic is 6; hence the curve has to break into at least three components. The possibilities
are as follows: it could break into a nodal cubic through 8 points and a pair of lines through the
remaining four points. The total number of such configurations are(
12
8
)
× 12×
(
4
2
)
×
(
2
2
)
×
1
2
.
Note that the lines are indistinguishable; hence we divide by two. Next, the quintic could break into
two conics and a line. The total number of such configurations is(
12
5
)
×
(
7
5
)
×
1
2
.
Again, we divide by two since the conics are indistinguishable. Adding up, we get that the total
number is (
12
8
)
× 12×
(
4
2
)
×
(
2
2
)
×
1
2
+
(
12
5
)
×
(
7
5
)
×
1
2
= 26136.
This is precisely the value predicted by the formula of Kleiman and Piene!
8.2 Verifying the number N(A61A2)
Let us directly compute the number of quintics through 12 points in P2 that have 6 nodes and
one cusp. This has to break into at least two components. The possibilities are: it could break as a
cuspidal cubic going through 7 points and a conic. The total number of such configurations is(
12
7
)
× 24×
(
5
5
)
.
Next, it could also break into a rational quartic with two nodes and one cusp through 10 points and
a line through the remaining two points. The total number of such configurations is(
12
10
)
× 2304 ×
(
2
2
)
.
Adding up, we get that the total number is(
12
7
)
× 24×
(
5
5
)
+
(
12
10
)
× 2304 ×
(
2
2
)
= 171072.
That is precisely the value predicted by our formula!
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8.3 Verifying the number N(A41D4)
Let us directly compute the number of quintics in P2 through 12 points that have 4 nodes and
one triple point. This has to break into at least two components. The possibilities are as follows: it
could break into a quartic through 10 points having a triple point and a line through the remaining
two points. The total number of such configurations are(
12
10
)
× 60×
(
2
2
)
.
Next, it could be an irreducible quartic through 11 points, with three nodes and a line through the
remaining point also going through any of the three nodes. The total number of such configurations
is (
12
11
)
× 620× 3.
Next, we could put a line through any of the two points. And we could put an irreducible quartic
through 10 points, that has a node on the given line. First, lets us see how we can compute that
last number. Using our formula for N(A1, n1,m1,m2) we can compute that the number of quartics
through 10 points that have a three nodes and one of them on a given line; that number is 843
(the free nodes are unordered in the final answer). Of these, we have to figure out how many are
irreducible. There could be a cubic through 9 points and a line through the last point and any
of the three points the cubic intersects. Or, we could place a line through two points and a cubic
through the remaining eight points and the point of intersection of the two lines. The total number
of reducible configurations are (
10
9
)
× 3 +
(
10
2
)
= 75.
Hence, the number of irreducible cubics through 10 points with three nodes, one of them on a line
is 768. Hence, the number of ways we could put a line through two points and put an irreducible
quartic through 10 points, that has a node on the given line is(
12
2
)
× 768.
Next, the curve could split as 3+2. We could put a nodal cubic through 8 points and a conic through
the remaining 4 points and the nodal point. That gives us(
12
8
)
× 12.
We could also put a conic through 5 points and a cubic through 7 points with a node on the given
conic. The total number of such configurations is(
12
5
)
× 6× 2.
Note that the number of cubics through 7 points with a node on a given line is 6; hence the corre-
sponding number with a node on a given conic is 12.
Finally, the curve can split as 3+ 1+1. We could put a cubic through 9 points, a line through
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two points and then a line through the remaining point and any one of the three points of intersection.
The total such configurations is (
12
9
)
×
(
3
2
)
× 3.
Note that in this case the lines are distinguishable (one of them goes through two points, the other
one goes through one point). Hence, we do not divide by two. Finally, we could put a line through
two point, another line through two point and a cubic through the remaining eight points and the
point of intersection. The total number of such configurations is(
12
2
)
×
(
10
2
)
×
1
2
.
Note that in this case, the two lines are indistinguishable, hence, we divide by two. Adding up all
these numbers, we get that the desired number is(
12
10
)
× 60 ×
(
2
2
)
+
(
12
11
)
× 620× 3
+
(
12
2
)
× 768 +
(
12
8
)
× 12 +
(
12
5
)
× 6× 2
+
(
12
9
)
×
(
3
2
)
× 3 +
(
12
2
)
×
(
10
2
)
×
1
2
= 95877.
This is precisely the number predicted by our formula!
8.4 Verifying the number N(A41D4, [L])
Let us denote N(A41D4, [L]) to the be the number of degree d curves in P
2 through the appro-
priate number of generic points that have 4 nodes and one triple point lying on a line. Let us verify
this number directly for quintics. We will directly compute the number of quintics through 11 points
that have four nodes and one triple point lying on a line.
The curve could break as 4 + 1. It could break as quartic through 9 points with a triple point
on a line and a line through the remaining two points. Total number of such configurations is(
11
9
)
× 12.
Note that the number of quartics through 9 points with a triple point on a line is 12. Next, we could
put an irreducible quartic through ten point with a node on the given line and put a line through the
remaining eleventh point and the nodal point of the quartic that lies on the line. The total number
of such configurations is (
11
10
)
× 768.
Note that 768 is the number of irreducible quartics through 10 points with three nodes, one of them
on a line. Next, let us compute the number of irreducible quartics through 9 points, with three
nodes one of them on a given point. The total number of such quartics is 105 (which we can obtain
by using our formula for N(Aδ1, n1,m1,m2)). The reducible configuration is a cubic through any of
the 8 points and the given special point and a line through the remaining ninth point and the given
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special point. The total number of irreducible quartics through 9 point, with three nodes, one of
them lying on a point is
105−
(
9
8
)
= 96.
Hence, one final configuration that can occur is a line through two points and an irreducible quartic
through nine points with a node lying on the given point of intersection of the two lines. That is(
11
2
)
× 96.
Similarly, the 3 + 2 configurations are as follows: put a conic through five points and then a nodal
cubic through any one of the two points of intersection of the conic and the line. Or, put a nodal
cubic through 7 points, with a node on a given line and put a conic through the remaining five points.
The sum total is (
11
7
)
× 6 +
(
11
5
)
× 2.
Note that the number of cubic through seven points with a node on a given line is 6.
Finally, the quintic could break as 3+ 1+1. We could put a cubic through 9 points and a line
each through the remaining two connecting the the point of intersection of the cubic with the given
line. The number of such configurations is(
11
9
)
× 3×
(
2
1
)
×
1
2
.
Note that the lines are indistinguishable here. Finally, we can also put a line through two points,
a line through one more of the remaining points and connecting the point of intersection of the
previous line with the given line and a cubic through the remaining eight points and the nodal point.
The number of such configurations is (
11
2
)
×
(
9
1
)
.
Note that the lines are distinguishable here. Adding up, we get that the desried number is(
11
9
)
× 12 +
(
11
10
)
× 768 +
(
11
2
)
× 96 +
(
11
7
)
× 6 +
(
11
5
)
× 2
+
(
11
9
)
× 3×
(
2
1
)
×
1
2
+
(
11
2
)
×
(
9
1
)
= 17952.
This is precisely the number predicted by our formula!
8.5 Verifying the number N(A41D4, [pt])
Let us denote N(A41D4, [pt]) to the be the number of degree d curves in P
2 through the ap-
propriate number of generic points that have 4 nodes and one triple point lying on a point. Let us
verify this number directly for quintics. We will directly compute the number of quintics through 10
points that have four nodes and one triple point lying on a point
The curve could break as 4 + 1. It could break as quartic through 8 points with a triple point
on a point and a line through the remaining two points. Total number of such configurations is(
10
8
)
× 1.
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Next, we could put an irreducible quartic through 9 points with three nodes, one of them on a given
point.The total number of such configurations is(
10
9
)
× 96.
Note that 96 is the number of irreducible quartics through 9 points with three nodes, one on a given
point (as we calculated earlier).
Next, the curve could break as 3 + 2. We could put a conic through four points and the given
a point and then put a cubic through six points with node on the given point. The total number of
such configurations are (
10
6
)
.
Finally, the curve could break as 3 + 1 + 1. Put a cubic through any of the 8 points and the given
special point. Put a line through any one of the remaining point and the given special point. And
put a line through the last point and the given special point. Total number of such configurations is(
10
8
)
×
(
2
1
)
×
(
1
1
)
×
1
2
.
Note that the lines are indistinguishable here, hence we divide by two. Adding up we get that the
desired number is (
10
8
)
+
(
10
9
)
× 96 +
(
10
4
)
+
(
10
8
)
×
(
2
1
)
×
1
2
= 1260.
That is precisely the number predicted by our formula!
9 Low degree checks in P1 × P1
In this section, we correct a few minor oversights made by Vainsencher in [43], while he makes
low degree checks for his formulas for curves in P1 × P1. First, let us recall that that in [20],
Kontsevich and Manin obtain a formula for the number of rational degree β curves in any del-Pezzo
surface through 〈c1(TX), [β]〉 − 1 generic points. In particular, Kontsevich-Manin’s formula can
be applied to P1 × P1. With this in mind, let us look at a couple of low degree checks made by
Vainsencher in his paper [43].
In [43, Page 17], Vainsencher, directly computes the number of irreducible curves in P1 × P1
of bi-degree (2, 5) passing through 13 points that have 4-nodes. The answer he obtains is 3684.
However, the number of rational curves of bi-degree (2, 5) through 13 points is predicted to be 3840
by Kontsevich-Manin’s formula. The reason for this mismatch is a simple combinatorial oversight
made by the author. The total number of curves of bi-degree (2, 5) through 13-points, with 4-nodes
is indeed 7038. Of these curves, we have to subtract off all the reducible curves. One could have
binodal curves of type (2, 4) through 12 points and a curves of type (0, 1) through the remaining
point. The number of bi-nodal curves of type (2, 4) through 12 points is indeed 252. However,
not all of them are irreducible! There is the following configuration which occurs; a curve of type
(2, 3) through 11 points and a curve of type (0, 1) through one point. There are a total of
(12
1
)
such
configurations. Hence, the total number of irreducible binodal curves of type (2, 4) is 252−12 = 240.
The total number of such configurations occurring for the 6-nodal curves is(
13
1
)
× 240.
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Finally, the curve can break as (2, 3) + (0, 1) + (0, 1). The two classes (0, 1) are indistinguishable!
Hence, the total number of such configurations is
1
2
×
(
13
11
)
×
(
2
1
)
×
(
1
1
)
.
Hence, the final answer is
7038 −
(
13
1
)
× 240 −
1
2
(
13
11
)
×
(
2
1
)
×
(
1
1
)
= 3840.
This is precisely the value predicted by Kontsevich-Manin’s formula!
Next, we look at another low degree check made by Vainsencher. In [43, Page 18], he directly
compute the number of irreducible curves of type (3, 4) through 13 points that have 6 nodes. The
answer he obtains is 90508. However, the number of rational curves of bi-degree (3, 4) passing
through 13 generic points is predicted by Kontsevich-Manins’s formula to be 87544. The reason for
this mismatch is because the author omitted to consider one more configuration that occurs.
The number of 6-nodal curves of class (3, 4) through 13 points is indeed 122865. To get the
desired number, we simply have to subtract off all the reducible configurations. First, there will be
nodal curves of class (2, 3) through 10 points and a curve of class (1, 1) through 3 points. The total
number of such configurations is (
13
3
)
× 20.
Next, there can be curves of class (2, 2) through 8 points and a curve of class (1, 2) through 5 points.
The total number of such configurations is (
13
8
)
.
Next, the curve can break as (3, 2) + (0, 1) + (0, 1). The total number of such configurations is
1
2
×
(
13
11
)
×
(
2
1
)
.
Note that we divide by 2 since the two (0, 1) curves are indistinguishable! Now we warn the reader,
that we will not separately consider the configuration (2, 3) + (1, 0) + (0, 1); this will be part of
a configuration we will soon consider. We don’t consider this separately, since all the classes are
different.
Next, we consider trinodal curves of class (3, 3) and one curve of class (0, 1). The number of
trinodal curves of class (3, 3) through 12 points is 1944. This can break in two possible ways; either
as (3, 2)+(0, 1) or (2, 3)+(1, 0). Let us only subtract off those configurations, where the curve breaks
as (3, 2) + (0, 1). The number of total configurations with 6-nodal curves, excluding the ones of type
(3, 2) + (0, 1) + (0, 1) is (
13
12
)
× (1944 −
(
12
11
)
).
Note that the above number does include configurations of type (2, 3) + (1, 0) + (0, 1). This configu-
ration doesn’t require any special treatment, since (1, 0) and (0, 1) are two distinct classes.
Finally, we come to the configuration that was overlooked by Vainsencher. We can have a
bi-nodal curve of type (2, 4) through 12 points and a curve of class (1, 0) through one point. We
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have already calculated the number of irreducible bi-nodal curves of type (2, 4); it is 252− 12 = 240.
Hence, the number of configuration of type (2, 4) + (1, 0) where the (2, 4) is irreducible and binodal
is (
13
12
)
× 240.
Hence, the final answer is
122865 −
((13
8
)
× 20 +
(
13
8
)
+
1
2
×
(
13
11
)
×
(
2
1
)
+
(
13
12
)
× (1944 − 12) + 240 ×
(
13
12
))
= 87544.
This is precisely the value predicted by Kontsevich-Manin’s formula!
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